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Abstract. A famous theorem of Harish-Chandra asserts that all invariant 
eigendistributions on a semisimple Lie group are locally integrable functions. 
We show that this result and its extension to symmetric pairs are consequences 
of an algebraic property of a holonomic "D-modulc denned by Hotta and Kashi- 
wara. 
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Introduction 

Let Gr be a real semisimple Lie group. An invariant eigendistribution on Gr is 
a distribution which is invariant under the adjoint action of Gr and an eigenvalue 
of every biinvariant differential operator on Gr. Any irreducible representation of 
Gr has a character which is an invariant eigendistribution. 
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A famous theorem of Harish-Chandra [H] asserts that all invariant eigendistribu- 
tions are locally integrable functions. The classical proof of the theorem is divided 
in three steps: 

(i) Any invariant eigendistribution x is analytic on the set G rs of regular semisim- 
ple points which is a Zariski dense open subset of Gr. 

(ii) The restriction F of \ to G rs extends to a L] oc function on Gr. 

(iii) There is no invariant eigendistribution supported by Gr — G rs . 

The problem is local and invariant eigendistributions may be studied on the Lie 
algebra 0r of Gr. Hotta and Kashiwara defined in a family of holonomic T>- 
modulcs on the complexification g of £|r whose solutions are the invariant eigendis- 
tributions. This module is elliptic on the set Q rs of regular semisimple points which 
shows (i) and using the results of Harish-Chandra they also proved that it is regular. 

In [28], J. Sekiguchi extended partially these results to symmetric pairs. There 
is an analog to the £>-module of Hotta-Kashiwara, which is holonomic and elliptic 
on the regular semisimple points. But the result of Harish-Chandra do not always 
extend and Sekiguchi gave a counter-example. He introduced a class of symmetric 
pairs ("nice pairs") for which he proved (iii), that is no distribution solution is sup- 
ported by 0r — Q rs . He also extended the result to hyperfunctions and conjectured 
that the Hotta-Kashiwara 2?-module is regular in the case of symmetric pairs. In 
we proved this conjecture for all symmetric pairs. This shows, among others, 
that all hyperfunction solutions are distributions. 

In several papers 22 23 24 , Levasseur and Stafford gave an algebraic proof of 
point (iii) for distributions in the case of semisimple groups and in the case of nice 
symmetric pairs. 

The aim of this paper is to show that the Harish-Chandra theorem and its 
extension to symmetric pairs is a consequence of an algebraic property of the Hotta- 
Kashiwara 2?-module. This property is the following: 

If M. is a holonomic £>x-module on a manifold X, to each submanifold Y of X 
is associated a polynomial which is called the 6-function of M. along Y (see 1.31 for 
a precise definition) . We say that the module M. is tame if there exists a locally 
finite stratification X — UX a such that, for each a, the roots of the ^-function of 
M. along X a are greater than the opposite of the codimension of X a . 

We show first that the distribution solutions of a tame £>-module satisfy proper- 
ties (i)-(ii)-(iii) (replacing G — G rs by the singular support of A4) and second that 
the Hotta-Kashiwara module is tame. More precisely, we show that it is always 
tame in the semi-simple case and in the case of symmetric pairs, we find a relation 
between the roots of the 6-functions and some numbers introduced by Sekiguchi. 
This relation implies that the module is tame for nice pairs. In fact, this is true 
after an extension of the definition of tame 2?- module which is given in section IT31 

In this way, we get a new proof of the results of Harish-Chandra, Sekiguchi 
and Levasseur-Stafford. Concerning the integrability of solutions in the case of 
symmetric pairs, no result was known. We get this integrability but we need a 
condition which is slightly stronger than the condition satisfied by nice pairs (see 
section n~7|l . 

Tame 2?-modules have other nice properties, in particular they have no quotients 
supported by a hypersurface. In the complex domain, a Nilsson class solution is 
always a L^ oc -function. 
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From the point of view of "D-modules, our work establish a new kind of con- 
nection between algebraic properties of a holonomic P-module and the growth of 
its solutions. A result of Kashiwara shows that hyperfunction solutions of a 
regular 2?-module are distributions. On the other hand, results of Ramis |25| in 
the one dimensional case and of one of the authors |18j in the general case, rely on 
the Gevrey or exponential type of the solutions with the Newton Polygon of the 
D-module. Here we show that the L p growth of the solutions is given by the roots 
of the 6-functions. 

Another interest of our work is to give an example of a family of non trivial 
holonomic X>-modules for which it is possible to calculate explicitly the 6-functions. 

This paper is divided in three parts. The first section is devoted to the definitions 
and the statement of the main results. We recall the definition of 6-functions in 
section 11.31 but this is not sufficient in the case of the Hotta-Kashiwara module 
and we have to extend slightly this definition in section n~Tl Then we define the 
"tame"-!?- modules and give our principal results. 

In the second part, we study the relations between the roots of the b- functions 
and the growth of solutions, proving in particular that the distribution solutions of 
a tame 2?-module are locally integrable. 

In the third section, we calculate the 6-functions of the Hotta-Kashiwara module 
and show that it is tame. The key point of the proof is the fact that the Fourier 
transform of the Hotta-Kashiwara module is supported by the nilpotent cone. 

1. The main results 

1.1. 2?-modules and generators. Let [X,0\x]) be a smooth algebraic variety 
defined over C and (X, Ox) be the underlying complex manifold. We will denote 
by T>\x\ the sheaf of differential operators with coefficients in Om and T>x be 
the sheaf of differential operators with coefficients in Ox- The theories of T^[x]~ 
modules and X>x-modules are very similar, and we refer to [J] for an introduction to 
holonomic and regular holonomic £>[a'] -modules. In this paper, we will work mostly 
with £>x-niodules but the definitions of section ^ are valid in both cases. 

In the theory of Z?x-modules, what is called the "solutions of a coherent T>x- 
module M. in a sheaf of functions is the derived functor WHomx> x T). In 
this paper, we will be interested only in its first cohomology group, that is the sheaf 
7iom£> x ( M. , T) . If M. is a cyclic 2?A"-module, the choice of a generator defines an 
isomorphism M. ~ T>x/I where X is a coherent ideal of T>x- Then there is a 
canonical isomorphism between Homp^ (M, T) and { u € T | VP G I, Pu = 
0}. But this isomorphism depends on the choice of a generator of M. and some 
properties of solutions of partial differential equations as to be a L 2 -function depend 
on this choice. So, we will always consider X^-modules explicitly written as T>x/1 
or T>x -modules with a given set of generators for which there is no ambiguity. 

A similar situation will be found when defining the b- functions in section Tl. 31 

1.2. y-filtration. Let Y be a smooth subvariety of X. The sheaf T>x is provided 
with two canonical filtrations. First, we have the filtration by the usual order of 
operators denoted by (T>x. m )m>o and second the ^-filtration of Kashiwara ^HI : 

V k V x = { P e V x | Vj g Z, Pj( c Jf k } 

where Jy is the definition ideal of Y and J Y — Ox if j < 0. 
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In coordinates (x, t) such that Y = {t = 0}, J Y is, for k > 0, the sheaf of 
functions 

]T f a (x,t)t a 
\a\—k 

hence the operators Xi and D Xi :— g|- have order for the ^-filtration while the 
operators ti have order —1 and D ti := order +1. 
The associated graduate is defined as : 

gr v V x := ®gr v V x , gr v V x V k V x /V^Vx 

By definition, gryT>x operates on the direct sum © (j£ I J Y k+1) ) • But this sheaf 
is canonically isomorphic to the direct image by the projection p : TyX — > Y of the 
sheaf 0[t y x] of holomorphic functions on the normal bundle TyX polynomial in 
the fibers of p (in the algebraic case, it is the sheaf Ot y x of functions on TyX). In 
this way gryT>x is a subsheaf of Home (Opyxi > 0[t y x]) an d it is easily verified 
in coordinates that this subsheaf is exactly the sheaf of differential operators with 
coefficients in 0\ Ty xY- 

gr v V x oi P*V[TyX] 

The graduate associated to the filtration (T>x, m ) is grT>x — it*(Dt*x where 
7r : T*X — > X is the cotangent bundle in the algebraic case and the sheaf tt^O^'X] 
of holomorphic functions polynomial in the fibers of 7r in the analytic case. 

Let Ai be a coherent X>x-module. A good filtration of M. is a filtration which 
is locally finitely generated that is locally of the form : 

Mm = ^ Dxjn+mjUj 
j = l,...,N 

where u\, . . . , ux are (local) sections of M. and mi, . . . , mx integers. 

It is well known that if (Ai m ) is a good filtration of Ai, the associated graduate 
grM is a coherent grT>x -module, that is a coherent 7r*C[ T «jf]-module and defines 
the characteristic variety of Ai which is a subvariety of T*X. This subvariety is 
involutive for the canonical symplectic structure of T*X and a P^-module is said to 
be holonomic if its characteristic variety is lagrangian that is of minimal dimension. 
If Ai is holonomic, its sheaf of endomorphisms £nd-p x (.M) = 7Yom/p x (Ai, Ai) is 
constructible, that is there is a stratification of X for which £nd-p x (./Vl) is locally 
constant and finite dimensional on each stratum. 

In the same way, a good T^-filtration of Ai is a filtration of Ai associated to the 
^-filtration of T>x which is locally finitely generated that is locally : 

V k M= ( v k+kPx)u 3 

j = l,...,N 

If V Ai is a good filtration, the associated graduate gry Ai is a coherent gryVx- 
module hence p~ 1 gryAi is a coherent I?[ Ty x]- m0( iule Moreover it may be 

proved that if Ai is holonomic then p~ l gry Ai is a holonomic P[jyx] -m °dule |16| 
hence £ ndx) [T ^ x] (p~ l gry Ai) is locally finite dimensional. 

1.3. b- functions. The fiber bundle TyX is provided with a canonical vector field, 
the Euler vector field i9 characterized by $/ = kf for any function / homogeneous 
of degree k in the fibers of p : TyX — > Y. From the definition of the T^-filtration it is 
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clear that for any P € gr v T>x we have "dP = P(#— fe); hence if .M is a coherent Px- 
module we may define an endomorphism O of gryM. commuting with the action 
of p*T>[ TyX ] by 6 = d + k on gr v M. 

Definition 1.3.1. A coherent X^-module is said to be specializable along Y if, 
locally on Y, there exists a polynomial b such that 6(0) annihilates gryM. 

The set of polynomials b annihilating gryAi on an open set U of Y is an ideal 
of C[T] and the generator of this ideal is called the b- function for A4 along Y on 17. 

This 6-function depends on the choice of the ^-filtration but its roots are in- 
dependent of the choice of the V-filtration on M. up to translations by integers. 
If X is a coherent ideal of T>x, the T> x -module Ai — T>x/1 is provided with the 
canonical ^-filtration induced by the ^-filtration of T>x and then the 6-function of 
M. = T>x /I is canonically defined. 

In the same way, if M. is specializable and u is a section of Ai, the submod- 
ule T>xu of Ai is specializable QH] and it has a canonical V- filtration given by 
(V k T>xu)k£Z : hence the 6-function of u is canonically defined. 

Let 6 be any differential operator on X whose class in gr v T>x is '&. Then, by 
definition of the 6-function, there is an operator P £ V-iT>x such that 

(1.3.1) (6(0)+P)u = O 

Assume now that Ai is a holonomic Pjf-module. Then p~ l gry M is a holonomic 
2?[jyx]" m °dule and the sheaf £ndx> [IVX] (p~ l gryM) is (locally) finite dimensional. 
Thus the endomorphism has (locally) a minimal polynomial which is, by defini- 
tion, a 6- function of M.. This means that holonomic T>x -modules are specializable 
along any submanifold Y . 

If Y is a hypersurface with local coordinates such that Y = { (x, t) G X \ t = }, 
the eauation ll.3.1l is written as : 

(1.3.2) (b(W t ) + tQ(x, t, D x ,W t )) u = 
If Y has codimension d greater than 1, this equation is : 

d 

(1.3.3) (b(<t, D t >) + UPi{x, t, D x , [W t ]))u = 

i=i 

where <t,D t > = ^tiD^ and [tD t ] is the collection of all operators (tiD tj )i,j = i...d- 

Definition 1.3.2. A section u is said to be 1- specializable (or to have a "regular 
b-function") if it satisfies an equation 11.3.11 with an operator P whose order is less 
or equal to the degree of the polynomial b. 

The 6-function is "monodromic" if u satisfies an equation II. 3. II with P = 0. 

Remark 1.3.3. A holonomic 2?x-module has always 6-functions but in general, it 
has no regular b- function (except if the module is regular holonomic |12|). 

A monodromic b- function is less usual. It is coordinate dependent, more precisely 
it depends on an identification of a neighborhood of Y in X and a neighborhood of 
Y in TyX, e.g. a fiber bundle structure of X over Y. 

Remark 1.3.4. Let / : X — > C be a holomorphic function. The 6-function of / is 
usually defined as the generator of the ideal of polynomials satisfying an equation 
b(s)f s (x) = P(s, x, D x )f s+1 (x). This 6-function appears as a special case of the 
previous definition if we consider the holonomic 2?jf-module T>xS(t — f(xj). Then 
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the equation b(s)f s (x) — P(s, x, D x )f s+1 (x) is formally equivalent to the equation 
b(-D t t)S(t - f(x)) = tP(-D t t, x, D x )S(t - f{x)). 

1.4. Quasi-fo-functions. In this paper, we will use a new kind of fo-functions. In 
fact, we want to replace the Euler vector field by a vector field ^n^iD ti . For 
example, let ip : X — > X be defined in a coordinate system (x, t) by (x,t) \— * 
(x, Si = t™ 1 , . . . , s p = tp p ) for some positive integers (n 1: . . . ,n p ), Y = {s = 0}, 
Y = {t = 0} and M. a holonomic 2?x-module. It is known that the inverse image 
ip* M is a holonomic Pj^-module, then tp*M. will have a 6-function along Y and 
by direct image we will get a 6-function for M. but with ^2 SiD Si replaced by 
J2niSiD St . 

So, let us consider the fiber bundle p : TyX — > F. The sheaf V[ TyX /y] oi relative 
differential operators is the subsheaf of Ppyx] of the differential operators on TyX 
which commute with all functions of p Oy. A differential operator P on TyX is 
homogeneous of degree if for any function / homogeneous of degree k in the fibers 
of p, Pf is homogeneous of degree k. 

In particular, a vector field rj on TyX which is a relative differential operator 
homogeneous of degree defines a morphism from the set of homogeneous functions 
of degree 1 into itself which commutes with the action of p~ 1 Oy, that is a section 
of 

Wom r i OY {Ot y x[1],Ot y x[1]) 
and thus an endomorphism of the dual fiber bundle T Y X. 

Let (x, t) be coordinates of X such that Y — { (x, t) G X | t = }. Let (x, r) be 
the corresponding coordinates of TyX. Then rj is written as : 

?7 = 22aij{x)TiD Tj 

and the matrix A = (ay(x)) is the matrix of the associated endomorphism of 
Oryx[l] which is a locally free j? -1 0y-module of rank d — codimxY . Its conju- 
gation class is thus independent of the choice of coordinates (x,i), as well as its 
eigenvalues which will be called the eigenvalues of the vector field rj. 

Definition 1.4.1. A vector field rj on TyX is definite positive with respect to Y 
on U C Y if it is a relative differential operator homogeneous of degree whose 
eigenvalues are strictly positive rational numbers and which is locally diagonalizablc 
as an endomorphism of 0<7yx[l]- We denote by Tr(rj) the trace of rj. 

A structure of local fiber bundle of X over Y is an analytic isomorphism between 
a neighborhood of Y in X and a neighborhood of Y in TyX. For example a local 
system of coordinates defines such an isomorphism. 

Definition 1.4.2. A vector field rj on X is definite positive with respect to Y if: 

i) rj is of degree for the V- filtration associated to Y and the image ay(r]) of r\ 
in gryT>x is definite positive with respect to Y as a vector field on TyX. 

ii) There is a structure of local fiber bundle of X over Y which identifies ij and 
ay (77). 

The eigenvalues and the trace of rj will be, by definition, those of ay (77) . 

It is proved in ^3 proposition 5.2.2] that in the case where ay {rj) is the Euler 
vector field $ of TyX the condition (ii) is always satisfied and that the local fiber 
bundle structure of X over Y is essentially unique for a given rj, but this is not true 
in general. 
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We will now assume that X is provided with such a vector field 77. Let (3 — 
a/b the rational number with minimum positive integers a and b such that the 
eigenvalues of fi~ x r\ are positive relatively prime integers. Let Px[fc] be the sheaf 
of differential operators Q satisfying the equation [Q, 77] = (3kQ and let Vj]T>x be 
the sheaf of differential operators Q which are equal to a finite sum (algebraic case) 
or a convergent series (analytic case) Q = Xw<fc Qi with Qi m T^x[l] for each I S Z. 
This defines a filtration of 2?x- 

Definition 1.4.3. Let u be a section of a 2?x-module Ai. A polynomial b is a 
quasi-b-function with respect to 77 (or a b(ri)-function for short) if there exists a 
differential operator Q in V2{Dx such that (6(77) + Q)it = 0. 

The 6(?7)-function will be said to be regular if the order of Q as a differential 
operator is less or equal to the order of the polynomial b and monodromic if Q = 0. 

If ay (if) is the Euler vector field of TyX, this definition is essentially equivalent 
to the definition of the previous section. However, the ^-filtration is defined on 
the sheaf T>x\y of differential operators defined in a neighborhood of Y while, for a 
given vector field 77, the y'-filtration is defined on any open set where 77 is defined. 
That is why it will be useful to consider the second definition even in the case of 
the Euler vector field. 

If 77 is given, we may locally diagonalize cry(r]) and identify 77 with cry (77), that 
is assume that rj — ^ n.itiD ti and we may assume that the rii are integers after 
multiplication of 77 by an integer. In this case, the direct image by the ramification 
ip associated to the Hi of a ^-function for ip*Ai is a 6(?7)-function for Ai, hence such 
a 6(?7)-function always exists locally for holonomic 2?x-module. 

1.5. Tame Djsf-modules. We will say that a cyclic holonomic "Dx-module Ai = 
Vx/I is tame along a locally closed submanifold Y of X if the roots of the b- 
function of M. relative to Y are strictly greater than the opposite of the codimension 
of Y. In fact we will extend this definition by replacing the 6-f unction by quasi b- 
functions and also by introducing a parameter 5. 

Definition 1.5.1. Let M. = T>x/1 be a cyclic holonomic 2?x-module and Y be a 
locally closed submanifold Y of X. Let 8 be a strictly positive real number. 

The module M. is 5- tame along Y if Y is open in X or if there exists a vector 
field rj on X which is definite positive with respect to Y and a 6(?7)-function for M. 
whose roots are all strictly greater than —Tr{rj)/8. 

The module Ai is tame along Y if it is 5-tame for S = 1. 

Let 77 be a vector field on X which is definite positive with respect to a subman- 
ifold Y (definition ll.4.2|) . A subvariety of X is conic for 77 if it is invariant under 
the flow of 77, that is given by equations (/1, ...,/;) satisfying 77/j = hi ft for some 
integers fci , . . . , ki . 

Definition 1.5.2. The cyclic module Ai is conic-tame (resp. 5-conic-tame) along 
Y if Y is open in X or if there exists a vector field 77 on X which is definite positive 
with respect to Y such that: 

(i) there is a 6(?7)-function for Ai whose roots are all strictly greater than —Tr(rf) 
(resp. —Tr[rf)/8) 

(ii) the singular support of Ai is conic for 77. 
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Let us recall that the singular support of Ai is set of points of X where its 
characteristic variety Ch(Ai) is not contained in the zero section of T*X . If Ai is 
holonomic, its singular support is a nowhere dense subvariety of X. 

Remark 1.5.3. If Ai admits a monodromic (quasi-)fe-function, the sections of Ai 
are solutions of b(rj)u = and the characteristic variety of Ai is contained in the 
subset of T*X defined by r\ — 0, this implies that the singular support of Ai is 
conic for r\. 

A stratification of the manifold X is a union X = (J X a such that 

• For each a, X a is a complex algebraic (analytic) subset of X and X a is its 
regular part. 

• {X a } a is locally finite. 

• X a n Xp = for a ^ (3. 

• If X a n Xp ^ then X a D Xp. 

If Ai is a holonomic "Dx-module, its characteristic variety Ch(Ai) is a homoge- 
neous lagrangian subvariety of T*X hence there exists a stratification X = [jX a 
such that Ch(M) C [} a T* Xa X El Ch. 5]. 

Definition 1.5.4. A cyclic holonomic V x-rrvodvAe Ai = T>x/1, is tame (resp. 
conic-tame, 5- tame, conic-5-tame) if there is a stratification X — (J X a of X such 
that Ai is tame (resp. conic-tame, <5-tame, conic-5-tame) along any stratum X a . 

In the next sections, we will find £>x -m odules which satisfy a weaker condition: 

Definition 1.5.5. The module Ai is weakly tame if there is a stratification X = 
(J X a of X such that for all a, one of the two following conditions is satisfied: 

(i) A4 is tame along X a 

(ii) for each point x of X a , 7t q ; 1 (x) Ci T x X is not contained in the characteristic 
variety of Ai. 

Here, 7r Q is the projection T*X — > X and X is the conormal bundle to X a . 

Any tame 2?x-module is clearly weakly tame. The following properties will be 
proved in the sectional 

Theorem 1.5.6. If the T>x-module Ai is weakly tame then it has no quotients with 
support in a hyper surface of X . 

Theorem 1.5.7. Let M be a real analytic manifold and X be a complexification of 
M. If the T>x -module Ad is weakly tame then it has no distribution solution with 
support in a hyper surf ace of AI . 

As pointed in section ITTT1 if Ai is a cyclic Z?x-module T>x/I, the solutions are 
defined as the common solutions of all operators in X. Here "solutions" means 
solutions in the usual meaning and do not concern the E xt fe of the module for 
k > 0. Any distribution solution of Ai is analytic where Ai is elliptic |2Z1 that is 
outside the singular support of Ai. So, if Ai is tame the distributions solutions 
of Ai are uniquely characterized by their restriction to the complementary of the 
singular support of Ai. 

Theorem 1.5.8. Let Ai be a holonomic conic-tame T>x~module with singular sup- 
port Z. Then any multivalued holomorphic function on X — Z with polynomial 
growth along Z which is solution of Ai extends uniquely as a Lf oc solution of Ai 
on X . 



CHARACTERS OF SEMISIMPLE GROUPS 



9 



Theorem 1.5.9. Let M be a real analytic manifold and X be a complexification 
of M . Let M. be a holonomic conic-tame T>x-module whose singular support Z is 
the complexification of a real sub-variety of M.. 

Then any distribution solution of M. on an open subset of M is a Lj oc - function. 

These theorems as well as the following proposition will be proved in section [21 

Proposition 1.5.10. Let S > and Ai a holonomic conic-5-tame T>x-module 
with singular support Z. Then any multivalued holomorphic function on X — Z 
with polynomial growth along Z which is solution of M extends uniguely as a Lf^ c 
solution of M. on X . 

If X is the complexification of a real analytic manifold M and Z is the complex- 
ification of a real sub-variety of M , then any distribution on an open subset of M 
solution of Ai is the sum of a singular part supported by Z and of a Lf oc - function. 
If S > 1, the singular part is 0. 

Remark 1.5.11. If M. is a regular holonomic P-module as defined by Kashiwara- 
Kawai'[*H3| , all multivalued holomorphic solutions of M. on X — Z have polynomial 
growth along Z |13| and all hyperfunction solutions are distributions |11| . In this 
case, theorems 1 1 . 5 . 81 IT . 5 . 91 and DroDQsition ll.5.10l apDlv to all multivalued holomor- 
phic solutions and hyperfunction solutions. 

1.6. The Harish- Chandra theorem. Let Gr be a real semisimple Lie group and 
0m be its Lie algebra. 

An invariant eigendistribution T on Gr is a distribution which satisfies: 

• T is invariant under conjugation by elements of Gr. 

• T is an eigendistribution of every biinvariant differential operator P on Gr, 
i.e. there is a scalar A such that PT = XT. 

The main example of such distributions is the character of an irreducible rep- 
resentation of Gr. A famous theorem of Harish-Chandra asserts that all invariant 
eigendistributions are L / 1 oc -functions on Gr (SJ. 

Let us now explain what is the Hotta-Kashiwara P-module 0. Let G be a 
connected complex semisimple group with Lie algebra g. The group acts on g by 
the adjoint action hence on the space 0(g) of polynomial functions on g which is 
identified to the symmetric algebra S(g*) of the dual space g*. By Chevalley theo- 
rem, the space 0(g) G ~ S(g*) of invariant polynomials is equal to a polynomial 
algebra C[Pi, ... ,P{\ where Pi, . . . , Pi are algebraically independent polynomials of 
0(g) G and I is the rank of g. In the same way, the space 0(g*) G ~ S(g) G of invari- 
ant polynomials on g* is equal to C[Qi, . . . , Qi] where Q\, . . . ,Qi are algebraically 
independent polynomials of 0(g*) G . 

The differential of the adjoint action on g induces a Lie algebra homomorphism 
t ' g * DerS( *) by: 

(r(a)f)(x) = ^-f(exp(-ta).x) | t=0 for a e g, f G S(g*), x E g 

i.e. r(a) is the vector field on g whose value at x G g is [x, a]. 

An clement a of g defines also a vector field with constant coefficients on g by: 



(a(D x )f)(x) = <a,df> = ^f(x + ta)\ t=0 for feS{g*),xeg 
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By multiplication, this extends to an injective morphism from S(g) to the algebra 
of differential operators with constant coefficients on 0. We will identify S(g) with 
its image and denote by P(D X ) the image of P S S(g). 

For A £ g*, the Hotta-Kashiwara module M^ is the quotient of T> e by the ideal 
generated by r(g) and by the operators Q(D X ) — Q(X) for Q 6 S(g) G . 

A result of Harish-Chandra [HI lemma 24] shows that there is an equivalence 
between the invariant eigendistributions and the solutions of the Hotta-Kashiwara 
modules. More precisely, there is an analytic function ip on g, invertiblc on a 
neighborhood of 0, such that u is an invariant eigendistribution if and only if X ^ 
(p(X)u (exp(X)) is a distribution solution of a Hotta-Kashiwara module. 

The definition of Hotta-Kashiwara extends to: 

Definition 1.6.1. Let F be a finite codimensional ideal of S(g) G . We denote by 
If the ideal of T> 3 generated by r(g) and by F, this defines the coherent 2? B -module 
M F = V 3 /1 F . 

The filtration induced on F by the filtration of the differential operators is the 
same than the filtration of the symmetric algebra S(g). If F is finite codimensional, 
its graduate is a power of S+(g) G , the set of non constant elements of S(g) G , hence 
defines the nilpotent cone 91(0*) of g* . The cotangent bundle T*g is identified with 
0X0* and 0* to by the Killing form, then if 91(0) is the nilpotent cone of 0, the 
characteristic variety of Mf is 4.8.3.]: 

{ {x, y) G x | [x, y] = 0, y £ } 

and Mf is a holonomic D fl -module. 

In particular, if rs is the set of regular semisimple elements in 0, Mf is elliptic 
on rs and the singular support of Mf is the algebraic variety g' = g — g rs = {% £ 
g | A(x) = } where A is defined as follows. If n = dim0, we set for x £ g: 

n 

det(U - adx) = ^(-1 ) n ~ i p l (x)f 

i=0 

where adx is the adjoint action of x on that is adx(z) — [x, z]. The rank I of 
is the smallest integer r such that p r ^ and A(x) = pi(x) is the equation of 0'. 

If 0m is a real semisimple Lie algebra and its complexification, A(x) is a poly- 
nomial on which is real on 0r hence 0' is the complexification of g' R . The invariant 
eigenfunctions on 0u are distributions solutions of Mf, in particular they are ana- 
lytic on 0k — 0r. The main result of this section is : 

Theorem 1.6.2. The holonomic T> g -module Mf is conic-tame. 

As a consequence we get the theorem of Harish-Chandra: 

Corollary 1.6.3. 

(1) There is no invariant eigendistribution supported by g' R = 0r — g rs . 

(2) The invariant eigendistribution are Lj oc functions on 0r and analytic on 
0» n g rs . 

(3) The module M f has no quotient supported by g' = g — g rs . 

It has been proved in that the module Mf is a regular holonomic P g -module. 
This implies that the results of corollary 1 1 . 6 . 31 are true for hyperfunction solutions 
as well as for distributions. 
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For each s£g semi-simple, g s = { x G g | [x, s] = } is a reductive Lie algebra. 
Let d s and r s be the dimension and the rank of the semi-simple Lie algebra [g s ,g s ]. 
Let u be the minimum of r s /d s over all semi-simple elements of g and 5(g) = y±^. 

For example, if g = st„(C), 5(g) = 1 + K 

Proposition 1.6.4. The holonomic T> g -module Mf is 8-tame for any 5 < 6(g). 

This implies that the distribution solutions of Mf are Lf oc -functions for S < S(g). 

1.7. Symmetric pairs. Let G be a connected complex reductive algebraic Lie 
group with Lie algebra g. Fix a non-degenerate, G-invariant symmetric bilinear 
form k on the reductive Lie algebra g such that k is the Killing form on the 
semisimple Lie algebra [g,g]. Fix an involutive automorphism a of g preserving 
k and set t = Ker(cr — I), p = Ker(er + /). Then g = t © p and the pair (g,£) 
or (g, a) is called a symmetric pair. As t is a reductive Lie subalgebra of g, it is 
the Lie algebra of a connected reductive subgroup K of G. This group K acts on 
p via the adjoint action and the differential of this action induces a Lie algebra 
homomorphism r : t — > DerS'(p*) by: 

(r(a).f)(x) = -jj;f(exp(-ta).x)\t=o for «£t,/e S(p*),x E p 

(see [2U for the details) 

If the group is G x G for some semisimple group G and a is given by <r(x,y) = 
(y, x), then K ~ G, p ~ g and we find the definitions of section H~H1 We will call 
this case the "diagonal case". In fact, the previous section is a special case of this 
one but we give the definitions in the two cases for the reader's convenience. 

Let x = s + n be the Jordan decomposition of x € p, that is s is semi-simple, 
n is nilpotent and [s,n] — 0. As this decomposition is unique, if x £E p then s and 
n are both elements of p. The element x is said to be regular if the codimension 
of its orbit K.x is minimal, this minimum is the rank of the pair (g, 6) or of p. 
The set p rs = g rs n p of semisimple regular elements of p is Zariski dense and its 
complementary p' is defined by a if-invariant polynomial equation A(x) = 15 . 
If (g,6) is a complexification of a real symmetric pair, this equation is real on the 
real space. 

The set ^(p) of nilpotent elements of p is a cone. If 0+(p) K is the space of non 
constant invariant polynomials on p, then 9t(p) is equal to: 

m(p) = { x e p I VP e 0+(p) K P(x) = }. 

The set of nilpotent orbits is finite and define a stratification of 9t(p) ^Hl- By 
an extension of the Chevalley theorem, the space 0(p) K is a polynomial algebra 
C[Pi, . . . ,P[] where P 1; . . . , p are algebraically independent polynomials of 0(p) K 
and / is the rank of p. 

If F is a finite codimensional ideal of 0(p*) K = S(p) K , the module Mf is 
the quotient of Dp by the ideal generated by r(fi) and by P. Mf is a holonomic 
2?p -module 24 whose characteristic variety is contained in: 

{(x,y) G p x p | [x,y] = 0,2/ £ *Tt(p) } 

Its singular support is p' = p — p rs . 

We proved in jT^] that the module Mf is always regular (hence the hyperfunc- 
tions solutions are distributions) but in some cases it has non zero solutions with 
support a hypersurface (see [2Hj or |23] for an example) hence is not always tame. 
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We will show that the roots of the 6-functions are bounded below and the bounds 
will be calculated from the numbers Ap (x) defined by Sekiguchi [2E] [21] • 

Let x G an extension of the Jacobson-Morosov theorem [T5\ shows that 

there exists a normal S-triple containing x, that is there exist y G p and h G t such 
that [x, y] = h, [h, x] = 2x and [h, y] = -2y. Set s = Ch © Cx © Cy ~ sl 2 (C). The 
s-module g decomposes as g = 0^ = i E(Xj), where E(\j) is a simple s- module of 
highest weight Xj G N. We can choose a basis . . . , v m ) of p y = { z G p | [z, y] — 
0} with [h,Vi] — —XiVi and we have p = [x, t] © p y . If g is semisimple, we define 

m 

(1.7.1) X p {x) =^(Aj + 2) -dimp 

i=i 

Remark 1.7.1. The number m is the dimension of the space p y and s is the dimension 
of Q y . By proposition 5 in |15| we have s = 2m — k where k = 2 dim p — dim g is 
independent of y. 

Recall that a non zero nilpotent x 6 p is said p- distinguished if p x C 9t(p). As 
the number of nilpotent orbits is finite, there is only a finite number of distinct 
numbers Xp(x) for x 6 9t(p) and we set: 

A p = min{ Xp(x) \ x £ ^(p),^; distinguished} 

If g is reductive but not semisimple, we consider g = [g,g], t — tCiQ and p = p n g. 
Then (g, 6) is a symmetric pair with g semisimple and we set A p = Ap, we will also 
consider the "reduced dimension" of p that is dim p = dimp. 

Let s S p be semisimple, then g s = t s © p s is a symmetric pair and we define: 

/ip = min{ 2^v s — dimo p s ) \ s S p, s semisimple} 

(this minimum is again taken over a finite set). 

Let a; be a point of p with Jordan decomposition x — s + n, we set Ap (x) = A p s (n) 
In section we w iH define a finite stratification of p and to each stratum E we 
will associate a vector field 7ys definite positive with respect to S such that p — p rs 
is conic relatively to r/s. If a; = s + n is the Jordan decomposition, the numbers /z p s, 
Ap(a;) = Aps(n) and dimo p s & re independent of x G E. We will denote /is = /Ups 
and ^ = (A p = (n) + dim p s )/2. 

The main result of this paper is the following which will be proved in section lT^I 

Theorem 1.7.2. The space p admits a finite stratification and to each stratum E is 
associated a vector field r/s definite positive with respect to E and such that p — p rs 
is conic relatively to r/^ ■ The trace of ?ys is ts . 

Let F be a finite codimensional ideal of S(p) K . The holonomic Dp-module A4p 
admits a b(rfs) -function along each stratum E whose roots are greater or equal to 

Remark 1.7.3. In the proof, we will see that the polynomial b depend only on the 
semisimple part of any x G E, in particular b is the same for all nilpotent orbits. 

Corollary 1.7.4. If (g, t) is a symmetric pair such that for any s G p semisimple, 
Xps > 0, then for any F finite codimensional ideal of S(p) K , the holonomic Dp- 
module M.f is weakly tame. 
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Corollary 1.7.5. If (g, 6) is a symmetric pair such that for any A p (a;) > 0, 

then for any F finite codimensional ideal of S(p) K , the holonomic T> v -module Mf 
is conic-tame. 

The difference between the two corollaries is that in the first one we ask that 
X v (x) > for elements x whose nilpotent part is distinguished, while in the second 
the condition X v (x) > is required for all elements. In the diagonal case, that 
is in the case of a semisimple Lie group G acting on its Lie algebra q, we have 
dimg = X}|=i(Aj + -0 nen ce if x is nilpotent, A p (cc) is equal to the codimension of 
the orbit of x. This number is thus always positive and theorem 11.6.21 is a special 
case of corollarv ll.7.51 

In the general case, Sekiguchi defined in (2HJ a class of symmetric pairs, called 
"nice pairs", for which he proved that A p s > for any s £ p semisimple. So, in the 
case of nice pairs, the module Mf is weakly tame. 

Consider now a real symmetric pair gR — 6r © pR, its complcxification is a 
complex symmetric pair as defined before (see for the details). Then we may 
consider the distributions or the hyperfunctions on pR which are solutions of the 
module Mf- 

Corollary 1.7.6. Under the condition of corollary \1.7.^\ we have: 

(1) There is no solution of Mf supported by pjj = pR — p rs . 

(2) The module Mf has no quotient supported by p' = p — p rs . 

and under the condition of corollary \1.7.5\ we have moreover: 

(3) The distributions on pR solutions of Mf o,re Lj oc functions. 

The first point has been proved by Sekiguchi and Levasseur-Stafford |24j . 
The third point is new and may be improved by: 

Corollary 1.7.7. Let <5(p) be the minimum of — over all strata E. The 

module Mf is S-tame for any S < S(p). 

Remark 1.7.8. If the roots of the ^-functions of a module Mf are not integers, as 
in the example of Levasseur-Stafford [241 Remarks after theorem 3.8], the module 
will satisfy points 1) and 2) of corollary 1 1 . 7 . 61 bv remark ?2. 3. II but the solutions 
will not be Lj oc if the module is not tame. 

As in the previous section, the module Mf is a regular holonomic Z? -module 
by hence all these results are true for hyperfunction solutions as well as for 
distributions. 

2. Tame 2?-modules 

2.1. Polynomials and differentials. Consider C d with coordinates (ti,...,i<j) 
and denote by , . . . , Dt d the derivations , . . . , . Let (ni , . . . , no) be strictly 

positive integers and n = X^=i n i^i^ > t i - If a = (at, . . . , ay) is a multi-index of N d , 
we denote |a| =J2 a i ancl < ~ 0i i n> — a i n i- F° r N > 0, let 

A N = { a e N | 3a e N d , \a\ = N, a = <n, a> } 
and define a polynomial 6jv by 

AT-l 

b N (T)= [] II (T+\n\+a) 

k=0 aeA k 
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Lemma 2.1.1. For any N > 1, the differential operator 6jv(f?) is in the left ideal 
ofT> C d generated by the monomials t a for \a\ = N. 

Proof. We prove the lemma by induction on N. If N = 1, bx(ri) = V + \n\ = 
nitiD ti + Ui = 2 TT-iDtiti is in the ideal generated by . . . , t^). 
Let us denote &^(T) = l\ aeAN (T + \n\ + a). We remark that t a i] = (rj - 
<a,n>)t a hence if |a| = N, t a b'^(r/) = b' N (r) - <a,n>)t a = c{rj){r] + \n\)t a = 
C ( 7 7)(S n iDtiti)t a is in the left ideal generated by i a for \a\ = N+l. As &at +1 (T) = 
b N (T)b' N (T), if the lemma is true for N it is true for TV + 1. □ 

Remark 2.1.2. The main property of 6/v is that its roots are all integers lower or 
equal to —Tr{rj). If rj is the Euler vector field of C d that is n\ = • • • = n& = 1, then 
bpf(T) = (T + d)(T + d + 1) . . . (T + d + N — 1) . 

Corollary 2.1.3. Let Y be a smooth subvariety of X of codimension d, M. be a 
coherent T>x-module and u be a section of M. with support in Y. For any vector 
field i] definite positive with respect to Y , u has a b{rf) -function along Y which roots 
are integers lower or equal to —Trirj). 

Proof. Let (a?i, . . . , x n ~d, t\, ■ . ■ , td) be local coordinates such that Y = {(x, t) £ 
X\t = 0} and rj — 'Y^ l =\ n itiDt i - If u is supported by Y then there exists some 
integer M such that tfu = ■ ■ ■ = tfu = 0. Let N = (M - l)d + 1, then for any 
monomial t a such that \a\ — N we have t a u = and the result comes from lemma 

m~n □ 

2.2. IXmodules supported by a submanifold. 

Proposition 2.2.1. Let Y be a smooth subvariety of X of codimension d,X be a 
coherent ideal ofT>x and M. = T>x/I- Assume that Ai is specializable and that all 
the integer roots of the b- function b are strictly greater than —d, then A4 has no 
quotient with support in Y . 

Proof. Let TV be a quotient of M supported by Y and u the image of 1 in N. Then 
Af is generated by u. But the 6-function of u has all roots strictly greater than — d 
or non integers by hypothesis and all roots are integers less or equal to —d from 
corollarv l2.1.3l hence this b- function must be equal to 1, thus u — and N — 0. □ 

There is a similar result for quasi-6-functions which we will prove now. Let us 
first recall that, if Y is a submanifold of X and i : Y — > X, the sheaf Vy^x is 
the (XV , i _1 2?x)-bimodule defined as Oy ®i-±Ox * an d the sheaf T>x^-y is 

the (i~ 1 T>x, XV)-bimodule defined as i~ lr Dx ®i~ 1 n x ^y- Here tlx is he sheaf of 
differential forms of maximum degree on X. We will consider T>y—,x and T>x^-y 
as Z?x-niodules supported by Y. 

Lemma 2.2.2. Let Y be a smooth subvariety of X, and rj be a vector field on X 
which is definite positive with respect to Y . Let b £ C[T] be a polynomial, Q be an 
operator in V^^Dx and P = 6(r/) + Q. Let M be a left T>y -module and N ' be a 
right Vy -module. 

(i) If all the integer roots of b are strictly greater than —Tr(rj) then P is an 
isomorphism of T>x*-Y ®t> y A/". 

(ii) If all the integer roots ofb are strictly negative then P is an isomorphism of 

Af'®Vy Vy^x- 
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Proof. Let us fix local coordinates of X such that Y = { (x, t) £ X \ ti = ■ ■ ■ = 
td = }. The T> x -module T>x^-y is the quotient of T>x by the left ideal generated 
by ti, . . . , t<i hence the sections of T>x^-y may be represented by finite sums: 

u = £«*,/s(4D£* (a) (*) 

where S^ a \t) is the class of Df modulo t%, . . . ,td- 

We may change the coordinates and assume that r? = nitiD ti , we may also 
multiply rj by an integer and assume that all are integer (this modifies the 
polynomial b but the condition that all the roots of b are strictly greater than 
—Tr{r]) remains). We have rjS^ a \t) = —(<n,a> + |n|) 8^ a \t). 

Let us assume first that TV — Vy ■ The image of the l^-filtration of T>x on 
T>x^-y is the filtration by <n, a> hence this filtration is only in positive degrees. 
So, to prove that P is bijective on T>x<- y it is enough to show that b(r]) is bijective 
on the graduate gryVx^Y , that is on homogeneous elements 

<n,a>=N 

Decomposing b into linear factors we have to show that r)+a is bijective if a < Tr(rf) 
or if a is not an integer which is clear. 

We consider now a left T>y -module M and define a filtration by 

K' (V x ^y ®v Y AT) = (VJVx^y) ®v y M 
As the V v -filtration is trivial on Vy, this filtration is compatible with the T>x- 
module structure. As b(r]) acts on the graduate gry'Dx^-Y ®v Y N by b(r))(A®u) = 
b(i])(A) (g u, this action is bijective and P is an isomorphism of Vx^y ®v Y A/". 

Let us now consider the sheaf Vy^x- It is the quotient of T>x by the right ideal 
generated by t\ . . . td hence the sections of T>x^-y may still be represented by finite 
sums: 

where S^(t) is the class of Df modulo t% . . .td but now T>x operates on the right 
and we have 5 { - a \t).UD u = +a i 5 { - ot \t) and the same calculus shows that r\ + a is 
bijective on Vy^,x if a > 0. □ 

Proposition 2.2.3. Let Y be a submanifold of X , and rj be a vector field on X 
which is definite positive with respect to Y . Let X be a coherent ideal of T>x and 
M = T>x /I. Assume that A4 admits a b(rj) -function whose integer roots are strictly 
greater than —Tr (77), then M. has no quotient with support in Y . 

Proof. Let N be a quotient of Ai supported by Y. Let u be the image in TV of the 
class of the operator 1 in M. . Then TV is generated by u which is annihilated by an 
operator P = b(rj)-\-Q with Q £ V-iT>x and the integer roots of b are strictly greater 
than —Trirj). On the other hand, if TV is supported by Y there exists a coherent 
2?y -module TV) such that TV is isomorphic to T>x*~y ®t> y A/q as a Px-module [H]. 
Applying lemma VI. 2. 21 we get that P is an isomorphism of Vx^y ®t> y TV). □ 

By definition, the inverse image by i of a £>x-module M. is 

My = Vy^x ®\-i Vx 

It is known [21] that if Ai is a specializable, Aiy is a complex of XV-modules 
with coherent cohomology. If no root of the ^-function is an integer (this does not 



16 



ESTHER GALINA AND YVES LAURENT 



depend of a generator of Ai), then Aiy = 0. In this case, Ai has no quotient and 
no submodule supported by Y. 

Lemma l2~2~2l means that Ai = T>x jT^xP satisfies M.y = if P = 6(77) + Q and 
all the roots of b are strictly negative. With the same proof than Proposition 12.2.31 
we deduce: 

Proposition 2.2.4. Let Y be a smooth subvariety of X, and r\ be a vector field on 
X which is definite positive with respect to Y. LetX be a coherent ideal ofT>x and 
Ai — T>x /I- Assume that Ai admits a b(r\) -function whose integer roots are strictly 
negative then the first cohomology group of Aiy, that is Aiy = fy-tx ®i- 1 v x 
i Ai, is equal to 0. 

We consider now a real analytic manifold M and a complexification X of M. 
The sheaf of distributions on M will be denoted by Thu ■ 

Proposition 2.2.5. Let Y be a submanifold of X and n be a vector field on X 
which is definite positive with respect to Y . Let 2 be a coherent ideal of T>x and 
Ai = T>x /I- Assume that Ai admits a b(r\) -function whose integer roots are strictly 
greater than — Tr(ry). 

Then Ai has no distribution solution with support in Y n M . 

Moreover, if M. admits a regular b(n) -function whose integer roots are strictly 
greater than —Tr[rf), M. has no hyperfunction solution with support in Y R M . 

Proof. Let u be a distribution solution supported by Y (~l M. As 7 H M is an 
analytic subset of M, we may assume that the support of u is contained in an 
analytic subset N of M and prove the proposition by descending induction on the 
dimension of N . So, we take a point x of the regular part of JV and will prove that 
u vanishes in a neighborhood of x. We may thus assume that TV is smooth and 
denote by Nc the complexification of N which is a complex submanifold of Y. 
A distribution supported by N is written in a unique way as 

u= a a (x)S^(t) 

\a\<m 

where a a (x) is a distribution on N and S^(t) is a derivative of the Dirac distribu- 
tion S(t) on N. In fact, we have TwiTtm) — T^x^Nc ®v n ,, 1%>n hence 

T N (Tb M ) ^ Vx^y ®T> Y T> Y ^N C ®-Djv c T% N . 

So, if an operator P satisfies the conditions of the first part of lemma 12.2.21 it 
defines an isomorphism of r^v (Tb m ) ■ 

In the present situation, there is a surjective morphism: 

Vx/V x P M — >0 

where P satisfies these conditions, hence Womp x (Ai, Tn(1^>m)) = 0. 

In the case of hyperfunctions, we have Tn{Bm ) = f™<_y <8>z>~ T>y^ Nc ®x)~ Bn 
where Vy is the sheaf of differential operators of infinite order on Y and V^^ Y = 
T>x ®u x P>x^-y- From (23 theorem 3.2.1.] applied to the dual of Ai which is a 
Fuchsian module as well as Ai we know that: 

RHom Vx {M,V£<_ Y ) ~ RHom Vx (A4,V x ^y) 



and we conclude as before. 
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If the characteristic variety does not contain the conormal to Y, these results 
are true without condition on the 6-function: 

Proposition 2.2.6. If there is no point x € Y such that the characteristic variety 
of Ai contains tt^ 1 (x) (1 T Y X then Ai has no quotient supported by Y and no 
hyperfunction or distribution solution on M supported by Y n M. 

Proof. These results are well known, let us briefly recall how they can be proved. 

Let Af be a quotient of Ai. Its characteristic variety Ch(Af) is contained in 
Ch(Ai). On the other hand Ch(Af) is involutive hence if it is contained in 7r _1 (y), 
7r _1 (a;) n Ch(Af) is void or contains n~ 1 (x) n T Y X for any x G Y. So Ch(Af) is 
void and Af = 0. 

Let u be a hyperfunction supported by Y fl M and solution of Ai. As in the 
proof of proposition 12.2.51 we may assume that u is supported by a submanifold 
N of M whose complexification Nc is contained in Y. Let supp(u) C iV be the 
support of u, SS(u) C T*M be the singular spectrum of u as defined in |27l chap. 
I] and 7Tr : T*Af — > M the projection. For each x G supp(u) 1 SS(u) contains 
T£M n rr-^x) and by :27. Cor 3.1.2 ch. Ill] SS(u) C CTi(-M) hence u = □ 

Proposition 2.2.7. Let 1" 6e a smooth connected hypersurface of X and A be 
an equation of Y . Let Ai — T>x/1 be a holonomic T>x-module whose singular 
support is contained in Y. Assume that the roots of the b-function of Ai along Y 
are cti, . . . , ax with multiplicity m, . . . ,rijv- 

Then there exists a neighborhood W of Y in X such that the holomorphic solu- 
tions of Ai on X — Y with moderate growth on Y are of the form: 

n m-i 

/(*) = E E /^) A (*r i°g(A(z)y 

i=l j=0 

where the functions fij are holomorphic functions on W . Moreover, for each i, the 
function fi jUi -i does not vanish identically on Y except if all fij with the same i 
are equal to 0. 

If the b-function is regular, we do not have to assume that f has moderate growth. 
If all roots are strictly greater than — 1 the solutions are Lf oc . 

Remark 2.2.8. For a precise definition of multivalued Lf oc solution see |3 ch. IV]. 

Proof. We choose local coordinates (y, t) of X such that A = t and we may choose 
an operator P = b(tD t ) +tQ(y, t, D y , tD t ) such that Pf = and b is the ^-function 
ofM 

As Ai is elliptic on X — Y all solutions of Ai are holomorphic on X — Y and 
all solutions on an open subset of X — Y extend uniquely to the whole of X — Y 
as ramified functions around Y. As Ai is holonomic the set of solutions is locally 
finite dimensional on X — Y and thus the solutions are of finite determination and 
may be written as finite sums: 

f(y,t)=J2fij(y,t) tXi lo e(*) j 

with fij(y,t) holomorphic on X — Y and Ai — ^ Z if i ^ k (see jSJ ch. IV] for 
the details). 

If W is a neighborhood of Y which can be identified with a neighborhood of the 
zero section of TyX, this decomposition is unique on W and the space of sums 
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t x J^j fj{Vi ^°z{ty f° r fixed A is invariant by T>x, hence each of these terms in / 
is a solution on W — Y. So, we may now assume that 

n-l 

f( y ,t) = t x Y / .fj(y,t)iog(ty. 

3=0 

If / is a distribution, / is in the Nilsson class, that is the functions fj are 
meromorphic |3J. In the same way, if the 6-function is regular, all solutions on 
X — Y extend uniquely as Nilsson class solutions |171 theorem 3.2.11.]. 

Thus we may adjust the number A so that all fj(y,t) are holomorphic and at 
least one of fj(y,0) is not identically 0. Let m < n the highest integer such that 
/ m _i(y,0) ^ 0. We write f {y,t) = £fc>o J jk (y)t k . Then the equation Pf = 
gives: 

m— 1 

b(tD t ) fMt X log(ty=0 

This implies that A is a root of b and that m is less or equal to the multiplicity of 
the root. If m < n and kg is the valuation of / n _i(y, t) at t = 0, we still have 

b(tD t )f n _ 1M (y)t x+k ° log(i)"- 1 = 

and this implies that A + fco is another root of b with multiplicity at least n. 
We have proved that the solutions are locally of the form 

N nt-1 

/(*) = EE fvW&w* iog(A(x)y 

i=l ]=0 

but the functions are uniquely determined by / and A, as they are holomorphic 
and Y is connected they cannot vanish identically on some open subset of Y hence 
this formula is global on a neighborhood of Y. 

If all roots are strictly greater than —1, it is clear that the solutions are Lf oc (the 
hypersurface is complex hence of real codimension 2) . □ 

2.3. Application to Tame P-modules. We will now prove the results announced 
in section IT31 

Proof of theorems 1 1.5. 61 tmrf |i.5."7| Let M be a non zero quotient of M. which is 
supported by a hypersurface of X . If Z is the singular support of A4, M. is locally 
isomorphic to some power O l x on X — Z, hence M is supported by Z . 

Now we consider the stratification of definition ll.5.51 Let d be the minimum of 
the codimension of the strata on which Af is a non zero module. We can choose a 
point of a stratum of codimension d where j\f is not 0. But if we apply proposition 
12.2.31 or proposition 12.2.61 to this stratum we get a contradiction. 

Theorem 11.5.71 is proved exactly in the same way using propositions 12.2.51 and 
|2~2~d1 □ 

Remark 2.3.1. This proof uses propositions 12 . 2 . 51 and |2~2~5I hence if the roots of the 
^-functions are not integers, the result is still true even if they are less than the 
codimension of the stratum. 

Proof of theorem \1.5.8l Let f(x) be a multivalued holomorphic function on X — Z 
solution of M. = T>x /I- The argument follows by induction on the codimension of 
the strata of the stratification given in the hypothesis. 
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From proposition ^. 2. 7| we know that / is L 2 oc on a neighborhood of the smooth 
part of Z. Now, let 5* be a stratum and a a point of S. By definition of a stratifica- 
tion, there is a neighborhood V of a where all strata except S are of codimension 
strictly lower than the codimension of S, thus / is L 2 oc on V — S. We may assume 
that V is compact, then / is L 2 on V — il for any neighborhood $1 of S. We want 
to prove that / is L 2 on V that is on V — Z because Z is negligible. 

From the hypothesis, after shrinking V, there are local coordinates on V and 
integers (m, . . . , rid) such that: 

a) V n S = { (an , . . . , x p , h, . . . , t d ) G V | t = } 

b) Z is quasi-conic in (ti, . . . , td) with weights (n%, . . . , rid) 

c) M admits a quasi-fe- function with weights (ni, . . . , n^) and roots greater than 
— n, , that is there exists a polynomial & whose roots are > — ^ rij and a differ- 
ential operator Q in K^i^bc such that 6(77) + Q £ X. 

We decompose — Z into a finite number of simply connected quasi-cones such 
that on each of them, there is one of the coordinates t\,...,td which does not 
vanish. Let T be one of them and assume that t\ is the non-vanishing coordinate. 
Consider coordinates (x, s) defined by t\ = s" 1 and f j = s^s"* for i — 2 . . . d. 
These coordinates are well defined if we restrict argrji to ] — 7r,7r] and argsi to 
] — 7r/ni, ir/ni}. We have r = { (x, s) \ (x, S2, . . . , s<j) G W, < \s% < 5,—ir/ni < 
argsi < ir/rii } for some set W. 

In these coordinates, the vector field rj is equal to siD Sl and D ti = Si Ui D Si . 
The ^-filtration is now defined by siD Sl , hence it is the usual F-filtration relative 
to {si — 0}. The operator Q is in V\T>x hence the ideal I contains an operator 

b(sxD Sl ) + siQ(x, s, D x , si£> Sl , D S2 , . . . , D Sd ) 

that is of a 6-function relative to the hypersurface {s\ — 0} whose roots are greater 
than — ^2 rii. So, we can apply proposition 12 . 2 . 71 and we find that / has the form: 

f(x,s) fij( X > S ) S T l °S{si) J 

t=l J=Q 

where the complex numbers a.i are roots of b and the functions fij(x, s) are holo- 
morphic on W x C. 

As V — Z is the finite union of sets like T, it is enough to show that / is L 2 on 
r. The functions fuix, s)sj* \og{si) J are linear combinations of the determinations 
of the multivalued function / hence if / is Lf oc on V — Z, the same is true for 
each of them. So we may assume that / is equal to fo(x, s)sf log^i)^ with fo(x, s) 
holomorphic on a set { (x, s) | (a;, 83, ... , Sd) G W, |sj | < 5 } and a > — ^Z n i- Now 
we have: 

||/||£ 2(r) = / |/(x,i)| 2 dx AdxAdt Adt 
j r 

=n 2 /" |/o(x,s)| 2 |log(si)| 2j |s 1 | 2 ( a - 1+ S™^dxAda : Ads Adi 

yB f x{|si|<5} 

The function fo(x,s) is L 2 on VF x {e < |si| < <5} for any e > and holomorphic 
in si, a + J2 n i > hence /o(a;, s) log^ips" " l is i 2 on W x {|si| < 5}. So 
||/||i 2 (r) is finite and / is Lf oc at a which ends the proof. □ 

Proof of theorem \1.5.(A By the hypothesis, the singular support Z of M. is the 
complexification of the real variety M HZ which is nowhere dense in M. Hence Ai 
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is elliptic on an open dense subset of M and the solution u is analytic on this open 
set. 

Therefore, u extends to a ramified holomorphic solution / of M. on U — Z where 
U is an open subset of X. In the following we may replace X by U and assume 
that X — U. As u is a distribution, / has moderate growth on a neighborhood of 
MflZ, hence / is a Lf oc function according to theorem 1 1.5. 81 

If the given stratification of Z is the complexification of a real stratification, we 
may use the same proof than ll.51%1 In the general case, theorem ll.5.9l is the direct 
consequence of theorem 11.5.81 and of the following lemma. □ 

Lemma 2.3.2. Let M be a real analytic manifold, X a complexification of M and 
A a real analytic function on M which extends to a holomorphic function A on X . 
Let L = A- x (0) and Z = A _1 (0). 

Let f be a Nilsson class function on X — Z , then f is Lf oc on X if and only if 
the restriction of f to M extends to a Lj oc function on M. 

Proof. Let us consider a resolution of singularities of A which extends to a complex 
resolution of A, hence we have a real analytic manifold M, a subvariety L with 
normal crossing, a proper analytic map 7 : M — > M which is an isomorphism 
M — L — > M — L and their complexifications X, Z and 7c with the same properties. 

It is proved in Proposition 4.5.3.] that / is Lf oc on X if and only if / 7c is 
Lf oc on X and the same proof shows that f\u is Lj oc on M if and only if (/|m)o7 
is L\ oc on M. So, we have to prove the result on M. As the result is local, we may 
assume that there are coordinates (afi, . . . , x n ) such that L = {x± . . . Xd = 0} and 
their complexification (z\, . . . , z n ) such that Z = {z\ . . . Zd = 0}. 

From 2, Proposition 4.4.1.], we know that the function f jc is equal to a 
finite sum fa,k(z)z a (log(z)) k with (log(z)) fe = (log(z 1 )) kl . . . (\og(z d )) kd and 
z a = z" 1 . ■■z°[ d . We may assume that f a ,k(Q) ^ and that the multi-indexes 
(a, k) are all different. Then / 7c is Lf oc on X if and only if Re a; > — 1 for all 
a appearing in the sum and all i = 1, . . . , d. But (/|a/)o7 is Lj oc on M under the 
same condition, which proves the lemma. □ 

Proposition II. 5. THI is proved in the same way. 

3. Semisimple Lie Algebras and symmetric pairs 

3.1. Stratification of a semisimple algebra. In this section, we will define the 
stratification which will be used to prove that the Hotta-Kashiwara module is tame. 
This stratification is well known, see £Q for example. 

Let G be a connected complex semisimple algebraic Lie group with Lie algebra 
0. The orbits in g are the orbits of the adjoint action of G. 

An element x of g is said to be semisimple (resp. nilpotent) if ad(x) is semisimple 
(resp ad(x) is nilpotent). Any x £ g may be decomposed in a unique way as x = s+n 
where s is semisimple, n is nilpotent and [s,n] = (Jordan decomposition), x is 
said to be regular if the dimension of its centralizer q x = { y e g [x, y] = } is 
minimal, that is equal to the rank of g. 

As pointed in fll.61 the set g rs of semisimple regular elements of g is Zariski 
dense and its complementary g' is defined by a G-invariant polynomial equation 
A(x) = 0. If g is a complexification of a real algebra 0r, this equation is real on gg. 
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The set 9t(g) of nilpotent elements of g is a cone. Let 0+(q) be the space of 
non constant invariant polynomials on g, then 9t(g) is equal to: 

w(fl) = { x e I vp g o+(g) G P(x) = o }. 

The set of nilpotent orbits is finite and define a stratification of <Xt ^] Cor 3.7.]. 

We fix a Cartan subalgebra f) of g and denote by W the Weyl group W(g, f)). The 
Chevalley theorem shows that 0(g) G is equal to C[Pi, . . . , P;] where (Pi, . . . , p) 
are algebraically independent invariant polynomials and I is the rank of g, that the 
set of polynomials on fj invariant under W is 0(f)) M/ = C[pi, . . . ,pz] where pj is the 
restriction to f) of Pj and that the restriction map P i— > P|(, defines an isomorphism 
of £>(g) G onto 0(fj) w H3 §4.9.]. The space f)/W is thus isomorphic to C ; . 

Let $ = $(g, f)) be the root system associated to f). For each a £ $ we denote 
by g Q the root subspace corresponding to a and by f) a the subset [fl ,fl- a ] of fj 
(they are all 1-dimensional). 

Let be the set of the subsets P of $ which are closed and symmetric that is 
such that (P + P) n$ C P and P = -P. For each P e T we define t) P = E Qe p ^> 
0P = £ ae pfl«, t)p = {P £ t] | a(J7) = if a G P} and (F)p)' = {H G f) | a(P) = 
if a G P,a(P) ^ if a $ P}. 

The following results are well-known (see 0] Ch VIII, §3]): 

a ) 1p = bp + £Ip is a semisimple Lie subalgebra of g stable under ad f) and f)p is 
an orthocomplement of t)p for the Killing form, f)p is a Cartan subalgebra of qp. 
The Weyl group VTp of (qp, f)p) is identified to the subgroup W of W of elements 
whose restriction to fjp is the identity 29, theorem 4.15.17]. 

b) S) + gp is a reductive Lie subalgebra of g stable under adf). For any s G f)p, 
HflpC g s and (f)^)' = { s G t)p I s = f> + 0P }■ 

c) Conversely, if s G f), there exists a subset P of $ which is closed and symmetric 
such that g s = f) + gp. P is unique up to a conjugation by VF. 

To each Pef and each nilpotent orbit O of qp we associate a conic subset of 



(3.1.1) S(p,d)= (J G.(x + D) 

where G.(x + D) is the union of orbits of points x + D. 

Proposition 3.1.1. The sets S(p ^ define a finite stratification S B of g. 

This proposition is a special case of proposition 13.2.11 and we refer to it for the 
proof. Let us describe some of the strata: 

• If P = 0, there is one associated stratum which is the set g rs of all regular 
semisimple points of g. 

• If P = {—a, a}, qp is isomorphic to sli and if D is the non-zero orbit of qp, 
S(p,D) is exactly the stratum of codimension 1 which is the smooth part of 
g' the hypersurface of equation A(x) =0 (cf. Hl.tjf l. 

• IfP = $, qp = g and the strata -S^po) are the nilpotent orbits of g. 

3.2. Stratification of a symmetric pair. Let (g, i) be a symmetric pair with 
g = i © p. A Cartan subspace a of p is a maximal abelian subspace of p con- 
sisting of semisimple elements. Its dimension coincide with the rank I of p. If 
W = Nk(o) /Zk(o) is the associated Weyl group, the Chevalley restriction theo- 
rem gives an isomorphism 0(p) K ~ O(o) w and 0(p) K is equal to C[Pi, . . . ,p] 
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where (Pi, . . . ,Pi) are algebraically independent invariant polynomials. We denote 
by V the vector space V = Spec(C(p) K ) ~ Spec(C[Pi, . . . , Pi]), by w : p -> V the 
projection and by zuq : a — > V its restriction. 

For a £ a*, we set g a = { x £ 9 | Vft £ a, [ft, a:] = a(h)x }. The restricted root 
space $ = $(g, a) is the set of a £ a* such that g Q 7^ 0. The dimension of g Q is not 
necessarily 1 as in the diagonal case but we have the following results |2fi| : 

a) The Cartan subspaces ofp are all conjugated by K and any semisimple element 
of p belongs to one of them. 

b) Let m = Zi(a) be the centralizer of a in t, then: 

g = mffia©0g ct 

c) Let 0[ Q ] = g Q ffi 0_q, then dimg Q = dimg[ Q ] n p = dimg[ Q ] n 6 and, if $ + is the 
set of positive roots for some total order on a*, we have: 

p = © g H n p 

Let P £ $ be symmetric and closed. Define gp — J2 a ep8a, Qp = [Qp,Qp] H a, 
pp = 0p Hp = Eae$+np(flH Hp), 4 = {ft £ a | Va £ P, a(ft) = } and 
(4)' = { ft £ 4 I Va g P, a(ft) / }. 

Let s £ (op)', then g s = m © a © gp and p s = a ffi pp. Conversely, let s £ a be 
semisimple and define P = { a £ $ = }. Then P is closed and symmetric 

and s = mffi a© Qp, p s = a ffi pp. 

The decomposition g s — t s ffi p s defines a symmetric pair with the same rank 
and the group acting on p s is K s . 

To each P £ $ closed and symmetric and to each nilpotent orbit D of a ffi pp, 
we associate a conic subset of p: 

(3.2.1) <V,0)= (J K -(x+8) 

s€(a£)' 

Proposition 3.2.1. The sets Sfp t £>-) define a finite stratification E p ofp, that is: 

(i) Each stratum <S(p,o) * s a smooth locally closed subvariety ofp. 

(ii) The number of strata is finite. 

(Hi) The union of all strata is equal to p. 

(iv) The strata are mutually disjointed. 

(v) If S± and S2 are two strata such that Si PI S2 7^ then Si C S2. 

Remark 3.2.2. If g is a reductive Lie algebra which is not semisimple, let c be the 
center of g and set § = [g, 9], p — pflg, t = trig, a = oflp and c p — pflc. Then (g, I) 
is a symmetric pair with g semisimple and g = ? ffi p. We have g = cffig,p = c p ffip 
and a = c p ffi a. Moreover $(g,o) = $(g,a) and a set Syp,o) m P is exactly the 
direct sum of c p and of the corresponding set iS(p,:0) in p. The stratification of p is 
thus the direct sum of c p and of the stratification of p. 

Let s £ p be semisimple. The previous remark apply to p s : 

Set g s = [g s , g s ], p s = p s n g, t s = t s n g. Then (g s ,t s ) is a symmetric pair with 
g s semisimple and g s = l s ffi p s . If c s is the center of g s , p s = (p s n c s ) ffi p s pi) . 

Remark also that D1(p s ) = 9T(p) (~l p s and a £ p s is semisimple in g s if and only 
if a is semisimple in g. 
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Lemma 3.2.3. (i)There is a neighborhood of s and an open embedding g : f2 — * 
g(£l) C Ks x p s such that the intersection of a K-orbit in p with is equal to 
g~ 1 ((Ks x U) Pi g(p)) where U is a K s -orbit in p s . 
(it) If iep s nH, K.x n p s n fl is equal to K s .xCitt 

This lemma is an easy consequence of prop. 13.4.51 and its proof is postponed to 
section EOl 

Proof of vrovosition \S.2.1i (i) The set (dp)' is transversal to the A-orbits of p, 
hence each set S(p t o) is a smooth locally closed subvariety of p. 

(ii) As the set of subsets P and the set of nilpotent orbits of each p s are both 
finite, there is also a finite number of sets S/p t oy 

(iii) If x G p and x = s + n is the Jordan decomposition, the semisimple part 
s belongs to a Cartan subspace of p. As they are all conjugated we may assume 
s G a. As remarked befoer, there is some P such that p s = o + pp. Then n G pp 
and if D is its A s -orbit, x G Sip^y So p is the union of all Srp^y 

(iv) Let S\ = SVp^d) an d 5*2 = S(p 2) £) 2 ). If they are not disjointed, there 
exist ki G A, fc 2 G if, Xi G (dp )', £2 G (dp 2 )', n i 6 £>i and n 2 G D2 such 
that + ni) — k2-(x2 + ^,2). Remark that for i = 1,2, xi is semisimple, rij 
is nilpotent and [xi,ni] = 0. By unicity of the Jordan decomposition this implies 
ki.xi — k2-X2 and ki.ni = ^2-^2 hence k = k^ k± is in the normalizer of a in K. 
Then Pi = k.P2 and £>i — k.£>2- As S^o) = Sfk.p,k.£>)> we can conclude that 

51 = S2. 

(v) Let Si — 5(Pj and 52 = 5 , (p 2 o 2 ) be two distinct strata such that SifliS^ 7^ 
0. Let x G Si fl S2- By definition of Si, x = k(s + n) with k G K, s G (dp )' and 
neOi. We may replace x by s + n and assume s + n G Si fl S2 ■ 

The projection ra7 : a — > V is closed and the set dp 2 is closed, hence w~ 1 wo{ap 2 ) 
is a closed subset of p. If X2 — fe(s2 + n^) G S2, vj(x2) — m(k,2S2) = ^o(s2) |15l 
Lemma 12] hence ■m~ 1 wo(ap 2 ) contains S2 and thus its closure S2. Therefore 
s G ru _1 n7o(ap 2 ) n a = WQ 1 wo(ap 2 ). By definition of vjq, this means that there 
exists a £ W such that s a G ap 2 . We may replace xby x' 7 , Pi by Pi CT and assume 
that s G dp 2 . So we have s G (dp )' and s G dp 2 , hence by definition of (dp )' we 
have P 2 G Pi- This shows in particular that (dp )' C dp 2 and pp 2 C pp x . 

Now wc apply lemma IS. 2. 31 As Si and 62 are both union of A'-orbits, they are 
locally (i.e. in O) the product of K.s by their intersection with p s . So S2 H p s = 

52 n p s and to prove that Si C S2 it suffices to prove that Si np s C 52 np s . 
Now Di is a subset of p s by definition while pp 2 G pp 1 implies that O2 is also a 

subset of p s . Thus lemma l3~2~^ ii) shows that for i = 1,2 5,np s = A s .((dp )' ©Di). 

50 we may now replace p by p s that is assume that Pi = <I>. 

By remark l3.2.2l we may assume that p is reduced, and in this case with Pi = $, 

51 is a nilpotent orbit of p. As 5 2 is invariant under the action of A, if a point of 
Si is in S2 then Si C 62- 

This proof is valid only in the neighborhood f2 of s. If x = s + n is a point of 
Si fl S*2 but not in O, as the set of nilpotent points of p is a cone, there is some 
ko G K s such that ko-(s + n) = s + ko-n is in f2 and this point is in Si fl SV So 
&o f2 is a neighborhood of a; such that Si fl fc^fi C S2. 

This shows that Si fl S 2 is an open subset of Si, as it is also a closed subset and 
Si is connected, we have Si fl S2 = or Si C S2. □ 
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3.3. Fourier transform. We recall here a few things about the Fourier transform 
of 2?- modules after [Jj . Let V be a finite-dimensional vector space over V and T>iy] 
the sheaf of algebraic differential operators on V. Then 

r(V, V [v] ) = C[F] ® c C[V*\ = S(V*) ® c S(V) 

where C[V] = S(V*) is the ring of polynomials on V and C[V*} = S(V) is identified 
to the ring of constant coefficient operators on V. In this way r(V,XWi) is the C- 
algebra generated by V © V* with the relations [v, w] — [v*,w*] — and [v, v*] — 
— <v,v*> for v,w in V and v*,w* in V*. 

The Fourier transform is the isomorphism r(V, Dryi) — > r(V*, £>[y*]) generated 
by the map V" © V* — > V"* © V, (u, v*) h-» (u*, — v). We denote by P the image of 
P G r(V,2?[y]) under this isomorphism. 

The category of coherent £W] -modules is equivalent to that of finitely generated 
r(V, 2?[y])-modules, hence this define the Fourier transform as a functor from the 
category of coherent 2?[y]-modules onto the category of coherent 2?[y*]-modules. If 
T is an ideal of Z?[yj generated by operators Pi, ... , P/v of r(V, £>[y]), the Fourier 
transform X is generated by Pi , ... , Pn and the Fourier transform of M. — 2?[yi /I 
is M = XW»i/I. It is known that A4 is holonomic if and only if M. is holonomic 
and the Fourier transform of M is a*A4 with a : V — > V given by a(u) = — u. 

If we choose linear coordinates (zi, . . . , x n ) of V and dual coordinates (£i, . . . , £ n ) 
of V* , the Fourier transform is given by Xi i— > and D x< i— > — If 6* = x iD Xi 
is the Euler vector field of V and 0* = ^iD^ is the Euler vector field of V* , we 
have 9 = -6* - n. 

More generally, if u = V n, ,.r,l) r . then u = V '/, , /X = V ( /, ,;", - 
^ Uii- So, if w : V — * V is a linear morphism, it defines a section V — ► TV = V xV 
by a; i— > (x, i>(ir)), that is a vector field u on V and if the trace of v is 0, u is the 
vector field associated to the transpose t u : V* — > V"*. 

A £>[y]-module A4 is homogeneous or monodromic if it admits a monodromic 
&- function at {0}, that is if for any section u of A4, there exists a polynomial 6 such 
that b(9)u = 0. 

Proposition 3.3.1. Let Ai — XWi/Z &e a monodromic T>ryi -module, M. — T>\y*\jT 
its Fourier transform , u the canonical generator of M. and u the canonical gener- 
ator of M. . 

1) M. is monodromic and if b is the b-function of u then b{—6* — n) is the b- 
function of u. 

2) Let xq G V and b a polynomial such that xq is not in the support of b(0)u, 
then the characteristic variety of T>^ v *^b{—9* — n)u does not meet V x {xo}- 

Proof. The characteristic variety of A4 is a subset of T*V ~ V x V* and the 
characteristic variety of M. is a subset of T*V* ~ V* x V. If xq is not in the support 
of b(8)u, there exists a function a(x) such that a(xo) ^ and a{x)b(9)u = 0. As M. 
is monodromic, its support is conic and we may assume that a is a homogeneous 
function of x. Then a(D^)b(—9* — n)u = which shows the proposition. □ 

Assume now that we are given a symmetric pair (g, t) and that V — p. The 
bilinear form n defines an isomorphism p ~ p* which exchanges the morphism 
ad a : p — > p and its adjoint for any a E %. With this identification, the Fourier 
transform is an isomorphism of T(p,V^) onto itself. If a 6 t, then r(a) is the 
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vector field on p defined by the linear morphism ad a whose trace is null hence by 
what we said, its Fourier transform is — r(a). On the other hand, the isomorphism 
p ~ p* extends to a ^-isomorphism S(p) ~ S(p*) hence defines an isomorphism 
K : S{p) K ~ S{p*) K . We get: 

Proposition 3.3.2. Let F be a finite codimensional ideal of S(p) , then k(F) is 
a finite codimensional ideal of S(p*) K = C[p] A '. 

Let M.[p] be the quotient o/X>[ p ] by the ideal generated by r(t) and F. Its Fourier 
transform is the quotient of Dtp] by the ideal generated by r(6) and k(F) C C[p] A '. 

Let us denote by M[f] the Fourier transform of M[f\- The £> p -module Mf is 

by definition V p ®v [v] M[f\ and we will denote by Mf the module T> p <8>x> [p] M.[F]- 
We will call this module the Fourier transform of M.p- 

3.4. Proof of main theorems. Consider a symmetric pair (fl,t) with g = 6©p, g 
semi-simple, and a nilpotent point x £ p. Let D be the orbit of x under the action 
of K. As in section fl .71 we consider a normal s^-triple (h,x,y) which defines a 
basis (yi, . . . , y r ) of p v such that [h, yi\ — — Aij/j. The number A p (x) is by definition 
X)i=l(^» + 2 ) ~ dimp and we have p = [x, 6] © p v . 

Lemma 3.4.1. There are local coordinates (z\, . . . , z n - r , ti, . . . ,t r ) of p near x 
such that: 

(i) O = {(z,t)\t = 0} 

(ii) The vector fields D Z1 , . . . ,D Zn r are in the ideal ofT> p generated by r(6). 
(Hi) The vector field 

^ = E(y + l)^ 

is definite positive with respect to O and its trace is equal to (A p (x) + dimp)/2. 
(iv) The Euler vector field 9 of p is equal to 

o = vo + \o Zn _ r 

Proof. Let x £ O and (h, x, y) a normal s^-triple. Let V be a linear subspace of t 
such that 6 = V ® i x and h is in V . Let b\, . . . , b n _ r be a basis of V with b n - r = h. 
The map F : C"~ r X C r — ► p given by 

F(zi, 2„_ r ,ti, . . .,t r ) = exp(z 1 b 1 ) . . .exp(z n _ r b n - r ).(x +'Y]t i y i ) 

is a local isomorphism hence defines local coordinates of p. In these coordinates, 
D is { (z, t) | t — } and the vector fields D Zl , . . . , D Zn _ r are in the ideal of T> v 
generated by t($) [2H1 lemma 3.7.]. 

The numbers A.; are nonnegative integers hence r/Q is definite positive with re- 
spect to D and its trace is equal to (A p (x) + dimp)/2 by definition of A p (x). 

By definition, the Euler vector field 8 of p acts as 9(f)(u) = -^f(e s u)\ s= o in 
linear coordinates u of p, hence in coordinates (z,t): 

e(f)(z,t) = ^-f(F- 1 (e s F(z 7 t)))\ s=0 
as 

We have [h,x] = 2x and [h, J/j] = —XiVi hence 

exp(sft,).(x + E UyC) = e 2s x + ^ e~ XlS Uyi 
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therefore, as b n - r = h this gives: 

F(zi, Zn-r-i, z n - r + a/2, e s ^' 2+l h u e s ^ 2+1 h r ) = e s F(z, t) 
and thus 



Let F be a finite codimensional ideal of S(p) K and assume that F is graduate. 
Let Mf be the Fourier transform of the module Mf- By proposition ^ it is the 
quotient of T> 9 by the ideal generated by r(t) and by k(F). As k(F) is graduate 
and of finite codimension it contains a power of 0+[p] K = S+(p*) K and Mf is 
supported by 91(p). 

Define A p as the minimum of A p (x) over all nilpotents i£p. 

Proposition 3.4.2. The b-function of Mf at {0} is monodromic and its roots are 
lower or equal to — (A p + dimp)/2. 

Proof. The module Mf is supported by 9t(p) which is a finite union of nilpotent 
orbits |15| . By descending induction on the dimension of these orbits, we have to 
prove that if v is a section of Mf supported by a nilpotent orbit O in a neighbor- 
hood of a point x of this orbit, then there is a polynomial b x with roots lower or 
equal to — (A p + dimp)/2 such that b x (9).v vanishes on a neighborhood of x hence 
on a neighborhood of the orbit of x. 

So let v be a section of Mf supported by D in a neighborhood of x. By lemma 
13.4.11 there are local coordinates (x,t) near x such that D — { (x,t) \ t = 0} and 
8.v = r].v with rj — ^i^ii^ + • By corollary 12. 1.31 there is a polynomial 

b x with roots lower or equal to —Tr{rj) — — (A p (x) + dimp)/2 such that b x (rj).v — 
b x {9).v vanishes on a neighborhood of x. □ 

In the diagonal case, we get: 

Corollary 3.4.3. Let q be a semisimple Lie algebra and F be a graduate and finite 
codimensional ideal of S{q) g . 

The roots of the b-function of Mf at {0} are lower or equal to — (rankg + 
dimg)/2 and the roots of the b-function of M. F at {0} are greater or equal to 
(rankg — dimg)/2. 

Proof. In the case of a semisimple Lie group G acting on its Lie algebra g we have 
dimg = J3i_i(Aj + 1) where r is the codimension of the orbit of x Ch 5.6.] 
hence, by definition, A p (ie) = r . The minimum of A p (a;) is thus the rank of g. The 
result on M.p gives the corresponding result on A4f by proposition 13.3.11 □ 

In the diagonal case, the numbers A p (defined in section Tl. 7(1 and A p are equal. 
In the general case, we will use the fact that a non distinguished nilpotent point 
commutes with semisimple points to get a better result than proposition ^. 4. 2l Be- 
fore doing this we have to study the module Mf in a neighborhood of a semisimple 
point. 

The main property of Mf is to be constant along the orbits of K but also on 
the center of g. Let us recall that if X is a complex manifold equal to a product 
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X = Y x Z and N is a coherent Dz-module, the external product of Oy by M is 
by definition the coherent 2?x-module 

where p:yxZ^Z and q : Y x Z — > y are the canonical projections. Remark that 
Oy®M is equal to the inverse image p*7V. We say that a £>x-module is constant 
along Y if it is isomorphic to a module of this form. 

We assume now that g is reductive. Let c be the center of g and set g = [g, g], 
P = P ^ g, t — tD g and c p = p D c. Then (g,6) is a symmetric pair with g 
semisimple and g = 6 © p. We have g = c©g,p = c p ©p and this decomposition 
is compatible with the stratifications of p and p defined in ^3.21 The action of K 
on c p being trivial, S(p) K — S(c p ) © S(p) K . This defines a graduate morphism 
5 C : S(p) — > 5(p) by restriction and, i5 c being surjective, _F C = (^(i* 1 ) is an ideal 
of finite codimension of S(p) K . Let Mf c = X>p/X c where X c is the ideal of Dp- 
generated by Tp(t) and i 7 ^. We proved in [191 lemma 2.2.3.] that A4f is isomorphic 
to Op ©(A4f)p and that (Mf)p (the inverse image of Mf on p) is a quotient of a 
power of A4f c - Concerning the 6-functions we have: 

Lemma 3.4.4. Let S be a submanifold ofp and r\ be a vector field definite positive 
with respect to E. Let b be a 6(77) -function for Mf c along S. 

1) b is a b(r]) -function for A4p- 

2) Let 9q be the Euler vector field of c p . There exists some N € N such that 
b(T)b{T -l)...b(T-N) is a b(n + 6 )-function for M F - 

Proof. Assume that p = po © pi, the action of K on po being trivial and denote 
by S± : S(p) K — > ^(pi)^ the restriction morphism, Fi = Si(F), Ii and Mfx the 
corresponding modules. We will prove the lemma in this more general situation. 

We may assume that po = C and choose linear coordinates (x,t) of p such that 
po = { (x, t) € p I x = }. Then we identify T> Pl to the subsheaf of T> p of differential 
operators independent of (t, D t ) and r Pl (?) corresponds to t p (t). As Fi is identified 
to a subset of F, li is a subsheaf of X. For this immersion, the V v V Pl -filtration is 
compatible with both the V v V p and the y +e °Pp-filtrations. 

If 6 is a 6(?y)-function for A4f ± , this means that Xi contains an operator 6(77) + Q 
with Q £ V\T> Pl: this gives immediately a 6(77)-function for Mf- 

The action of K is trivial on po hence S(p) K contains 5 f (po). As F is finite 
codimensional in S(p) K it contains a polynomial in the dual variable of t that is a 
polynomial in the differential operator D t . 

Denote 6 = tD t the Euler vector field of p . Let A(D t ) = Df + a±D^ ^ 1 + 

h aw be the polynomial in F hence t N A(D t ) is in F and t Ar ^l(D t ) = t N D? + 

tR(t, tD t ) = fio(^o - 1) • • • (^0 - N + 1) + tR(t, tD t ). We have 6(77 + 6» ) = 6(77) + 
g(v,8o)Qo, hence 

6(77 + ©0)6(77 + ^0 - 1) • • • b(rt + 9 - N + 1) = 

c N (r), 6 )b(ri) + ^(77, 9 )e (6 — 1)...(6q — N+1) 

This means that 6(7/ + Oo)b(rj + 6q — 1) . . . 6(77 + 80 — N + 1) is in the graduate of 
X for the V v+6 ° -filtration and shows the second part of the lemma. □ 

In the next proposition, we assume again that g is semisimple. 
Let s be a non-zero semisimple element of p. Then p = p s © [?, s] and g s = t s ffip s 
defines a symmetric pair. Set § = [fl s ,fl s ], p = p 8 n g, t — t s (1 g. Then 
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is a symmetric pair with g semisimple and g = 6 © p. If c is the center of n s , 

P s = p © (p s n c). 

Let a be a Cartan subspace of p containing s, <I> = <I>(a, a) the root space, 
P = { a e $ | a(s) = }. Then p s = a © pp, a — ap © dp and the stratum of s is 

S (p,{0})= U K.x = K.{ap-)' 

Proposition 3.4.5. There are local coordinates (xi, . . . , xi, y\, . . . , y p , ti, . . . , tq) of 
p such that: 

(i) p s = { (x, y, t) | x = }, p s = { (x, y, t) | x = 0, y = }, s = (0, y , 0) with 

(ii) If z is a point of p close to s whose semisimple part is s, the stratum of z is 
equal in a neighborhood of s to the set ^(^o) = { ( x > Vi I t G £ } where D is the 
orbit of the nilpotent part of z in p s . The stratum of s is Srp {o}) = {(x,y,t) \ t = 
0}. 

(Hi) The vector fields D Xll . . . ,D Xl are in the ideal of Dp generated by t(6). 
(iv) The Euler vector field 9 of p is equal to 

v q 

i=l 3=1 

Proof. Let V be a subspace of t such that t = V © t s . Let {u\, . . . ,u{) be a basis 
of V, (vi, . . . , v p ) be a basis of Op, (u>i, . . . , w g ) be a basis of p s . Let y ^ be the 
coordinate of s in the basis v. We have p = [t, s] © dp © p s hence the map: 

F(x,y,t) = exp(xiui) . . . exp(x/u ; )-(E + / J^j^j) 

defines an isomorphism from a neighborhood of (0, yo, 0) to a neighborhood of s in 
p hence defines local coordinates of p. These coordinates satisfy the condition (i) 
by definition. As t = V © i s , in a neighborhood of s the orbits of K are of the form 
{(x,y,t) | y — c,t £ if s d } for some c £ ap" and <i £ p s which shows (ii).Next, (iii) 
is satisfied from [2H1 lemma 3.7.]. 

Let us calculate the Euler vector field 9 of p in these coordinates. By definition, 
9 acts as 9{f){z) = -^f(e a z)\ a= Q in linear coordinates z of p, hence in coordinates 
(x,y,t): 

9(f)(x,y,t) = -^f(F- l (e a F(x,y,t)))\ a = 
The inaction commutes with scalar multiplication hence e a F(x, y, t) = F(x, e a y, e a t) 
and thus 9 = J^Li y* D y, + E*=i l i D tj ■ D 

Let i5 s be the restriction map S(p) K — > ^(p 8 )^ which is graduate. If F is an 
ideal of finite codimension of S(p) K , the set of points of p* defined by F is a finite 
union of orbits of p* hence its intersection with (p s )* is also a finite union of orbits 
hence 6 S (F) is an ideal of finite codimension of S(p s ) K . Let T s be the left ideal of 
"Dps generated by S S (F) and r(i s ) and Ai s — T> 9 e/X s . In a neighborhood of s we 
identify p to the product of the orbit K.s by p s , then we have: 

Proposition 3.4.6. In a neighborhood of s, the module M.p is isomorphic to 
Oks®N where Af is a quotient of Ms- 
Let So be a stratum of p s and n be a vector field on p s which is definite positive 
with respect to Eq. Let b be a polynomial which is a b(rj) -function for A4 S - Then 
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E = K.s x Eo is a stratum of p in a neighborhood of s, r\ is definite positive with 
respect to E and b is a 6(77) -function for M.f- 

Proof. We use the local coordinates (x, y, t) of lemma 15. 4 .51 By (iii) of this lemma, 
the vector fields D Xl , . . . , D Xl are in the ideal Xp hence Aip is isomorphic to 
Oks®N for some coherent Dps-module TV = T> p s/J. 

Let a £ F, / £ <S(p*)i fs the restriction of / to p s and r p s(a) the vector field 
associated to a by the action of K s on p s . By definition, if u G p s : 

(r P '(a)fs){u) = ^-f (exp(-ta).u) | s=0 

is equal to the restriction of r p (a)/ to p s hence r p (a) = r p3 (a) + u> where w is a 
vector field on p vanishing on p s . As the ideal Xp contains D Xl , . . . , D Xl and r p (a) 
it contains T ps (a). This means that J contains t P s(6 s ). 

On the other hand, let P G F, as the coordinates (y, t) are linear coordinates of 
p s , the value of P on a function of t is the restriction of P to S(p s ) K . Hence J 
contains S S (F) and TV is a quotient of M s . 

The second part of the proposition is clear for Oks®M-s hence for M.. □ 

Recall that A p is the minimum of A p (x) for all distinguished nilpotents x and if 
s is a semisimple element of p, A ps is defined in the same way with p s = { x G p | 
[x, s] — }. We defined also /x p as the minimum over all semisimple elements s G p 
of (A p . -dim p s )/2. 

Proposition 3.4.7. The roots of the b-function of Mf Q>t {0} are lower or equal 
to — fip — dimp and the roots of the b-function of M.p at {0} are greater or equal 

to fl p . 

Proof. We will prove the proposition by induction, assuming that the result has 
been proved for all the symmetric sub-pairs of (g, t). We keep the notations of the 
proof of proposition 13.4.21 and make the same proof except for non distinguished 
nilpotent points. 

Let u be the canonical generator of Ai f and v be the canonical generator of 
Mf- Let 60 be a polynomial such that bo(9*)v is supported by a nilpotent orbit D 
in a neighborhood of one of its points x. We assume that the roots of bo are lower 
or equal to — /i p — dimp and that x is not distinguished (otherwise we use the proof 
of 13X31 . 

By definition of non distinguished points, there exists some s G p which is 
semisimple and such that [x, s] = 0. Then by proposition 13.4.61 and the induc- 
tion hypothesis, there is a polynomial b\ with roots greater or equal to /ip such 
that b\{9)u vanishes at s. Remark that all semisimple points of p are semisimple 
in p hence /ip > fip. 

Proposition 13.3.11 shows that the characteristic variety of the module generated 
by b\(~6* — dimp)w does not contain the point (x,s). The module generated by 
bo(~8* — dimp)&i(— 9* — dimp)w is supported by D and x is a smooth point of D, 
hence if x is in the support of the module, the conormal bundle to D at x is contained 
in the characteristic variety. But (x, s) is a point of this conormal bundle which 
does not belong to the characteristic variety, hence b (— 9* — dimp)&i(— 9* — dimp)?; 
vanishes at x. □ 

Now, we do not assume any more that F is graduate, then 
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Corollary 3.4.8. The roots of the b-function of Mp at {0} are greater or equal to 
Mp- 

Proof. Let F' be the graduate of F, then by proposition 13.4.71 we have an equality 
K^) = S Ai(x, D x )iii(x, D x ) + Bj(x, D x )Qj(D x ) where A, and Bj are differential 
operators of T> p , Ui are vector fields of r(t) and Qj G i 7 " . 

We have [0, u] = for any u in r(6) hence u is of degree for the graduation asso- 
ciated to the V- filtration along {0}. On the other hand, if Q € F' is homogeneous 
of degree A; as a polynomial, we have [Q(D X ),6] = kQ(D x ) that is Q is of degree 
k for the ^-filtration. Decomposing A, and Bj in homogeneous parts, we may 
rewrite 6(0) = Y^Ai(x>D x )ui{x,D x ) + Bj(x,D x )Qj(D x ) with Ai(x,D x )ui(x,D x ) 
and Bj(x, D x )Qj(D x ) homogeneous of degree for the F-filtration. 

Now if Qj £ F', there exists Pj £ F such that Pj = Qj + Rj with Rj of degree 
lower than the degree of Qj hence 

6(0) + Bj(x, D x )Rj(D x ) = Mx, D x ) Ui (x, D x ) + Bj(x, D x )Pj(D x ) 

which means that b(6) + Bj{x, D x )Rj(D x ) is a 6-function. □ 

Let b be the 6-function of M.f at {0} and for each nilpotent orbit D of p let 770 
defined by lemma 1^.4.11 

Proposition 3.4.9. For each nilpotent orbit O ofp, 6(770) is a quasi-b -function 
for M.p. If F is a graded ideal, this quasi-b- function is monodromic. 

Proof. By the hypothesis, b is the 6-function of M.f at {0} hence the ideal Tp 
contains an equation b(0) + R where R is a differential operator of order —1 for the 
V- filtration at {0}. By lemma 13.4. II 770 = 8 in Tp, hence 6(770) + R is also in Ip. 
For simplicity, we will write 77 for 770 in this proof. 

As R is of order —1 for the V-filtration, we can write it as a series R = Ylk<-1 ^ k 
with [R k ,e] = kR k . Let R k (x,t,D x ,D t ) = R° k (x,t,D t ) +Y J R i k {x,t,D x ,D t )D Xi , 
we have [R k ,0] = [R° k ,9] modulo D x hence [R° k ,0] = kR° k . As D Xl , . . . , D Xn _ r are 
in the ideal Tp by lemma IB. 4. II we may replace R by 53fc<— 1 ^1 an< ^ assume from 
now on that R is independent of D x . 

We decompose now each R k as a series R k (x,t, D t ) = Ylj Rkj(x,t, D t ) where 
each R k j is homogeneous of degree j for 77, that is [R k j,rj\ — jR k j. By uniqueness 
of the decomposition, we have [Rkj, 0] — kR k j hence [Rkj,D Xn _ r ] = 2(k—j)Rkj, 
that is R kj = R l k j{x',t, Dt)e 2 ^- k)Xn - with x' = (£1, . . . ,x n _ r _i). Finally R is 
equal to a convergent series: 

R(x,t,D t )= J2 Rkj(x',t,D t )e 2 U-Q*»-* 

k<-l,j<jo 

where R k j is homogeneous of degree j for 77. The ideal Tp contains the operators 
D Xi for i — 1, . . . , 71 — r hence is generated by these D Xi and by a finite number 
Qi(t,D t ), . . . ,Qjf(t,Dt) of differential operators independent of (x,D x ) and thus 
we have: 

N 

6(77) + R[x, t, D t ) = ^ A t (x, t, D t )Qi(t, D t ) 

i=l 

Therefore, the operator 6(77) + R(0,x n ~r,t,D t ) obtained by making x' = is still 
in Tp. In the same way, the operator obtained by integration on the path x n -r G 
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[0, 2in] is still in 2>. But Jj e 2 ^ k ^ u du = 2iir if j = k and otherwise, hence 
the operator 

6(77)+ Rkk(0,t,D t ) 

fc<-l 

is an operator of Tp . By construction, J\<_j Rkk(®, t, D t ) is a differential operator 
of order —1 for the y-filtration, hence b(rj) + J2k<-i ^kk(0,t, D t ) is a quasi-6- 
function. 

If F is a graded ideal, we have R = from corollary 13.4.21 hence 6(77) is a 
monodromic quasi-6-function. □ 

Proof of theorem \l.7.S\ We defined in A3. 21 a finite stratification of p. We will define 
a vector field 77s definite positive with respect to £ with trace equal to is and show 
that M.f admits a 6(772 )-function whose roots are greater or equal to us. 

Assume first that the theorem has been proved when g is semi-simple. If g is not 
semi-simple, we set as in remark IB. 2 .21 a — [g,g], p = p H g, t = tPig and c p = p (~l c 
where c is the center of g. The strata of p are equal to the direct sum of c p and the 
strata of p. Let S be a stratum of p, we associate to c p © E the same vector field 
ijs and lemma IB . 4 . 41 gives the result. 

So, we may assume now that g is semisimple, take x £ p, and prove the result 
for the stratum £ of x. Take first x = 0. Then £ = {0}, 77s = 6 the Euler vector 
field of p with trace dimp and corollary 13.4.81 shows that M.p admits a 6-function 
bo whose roots are greater or equal to /Lt p . 

Assume now that x is a nilpotent point of p. Then S is the orbit of a;, 772 is the 
vector field defined by lemma 15 . 4 . II whose trace is is and proposition 13.4.91 shows 
that bo is a 6(772 )-function for M.p. 

Consider now a non-nilpotent point x with Jordan decomposition x = s + n. We 
may assume by induction on the dimension of p that the theorem has been proved 
for the pair g s — i s p s . As in the proof of lemma IB. 2. II we may assume that x is 
arbitrarily close to s. Then the result follow from proposition 13.4.61 

To end the proof of the theorem, we remark that if F is graduate, all 6-functions 
are monodromic, this shows that the singular support p — p,. s of A4p is conic 
relatively to all vector fields by remark Tl. 5. 31 As they do not depend on F the 
result is still true if F is not graduate. □ 

The other results of sections ll.6l and ll.7l are direct consequences of theorem |l.7.2l 

Proof of corollary \1.7.5\ Theorem 11.7.21 shows that A4p is conic-tame if for any 
stratum E we have /^s + is > 0, that is for x = s + n E Y, if /i p s + (A p s(n) + 
dimo p s )/2 > 0. If A p (x) > for any x, this is true by definition of /x p ». □ 

Proof of corollary \1. 7. 4\ Consider now a nilpotent point x of p, O its orbit. If T*p 
is identified to p x p, the conormal bundle to D is { {x, y) G D x p [x, y] = } and 
the characteristic variety of M is contained in { (x, y) € p x p | [x, y] = 0, y € 9t(p) }• 
If x is not distinguished, there exists some semi-simple y such that [x, y] — and 
if 7r is the projection T*p ~ p x p — > p, n^ 1 (x) fl Ch(M) is strictly contained in 
the conormal bundle to D. This is true for all points x' of D and thus D satisfies 
the condition of definition ll.5.5f ii) . If x = s + n is the Jordan decomposition of 
x G p and if n is not distinguished in p s , the same condition is still true for the 
stratum of x. If we assume only that A pS > for any s E p semisimple, we get the 
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inequality /is + ts > for all x = s + n such that n is distinguished hence M. is 
weakly tame. □ 

Proof of theorem H.fi.Sl In the diagonal case, A ps is always strictly positive which 
shows the theorem. □ 

Then corollaries 11.6.31 11.7.61 and 11.7.71 are deduced from the results of section 

roi 

Proof of proposition In the diagonal case, if E is a nilpotent orbit and ieS, 

the trace of rys is fs = (X g (x) + dimfl)/2 > (rank g + dim g)/2 while corollary 13. 4. 31 
shows that the roots of the 6- function of E are greater or equal to (rank g — dim g)/2. 
So, the roots of the b- function are greater or equal to —ts/6 if S = (dimg + 
rank g)/ (dim g — rankg). If 6(g) is the minimum of this value over all semi-simple 
subalgebras [g 3 , g s ] for s semi-simple, the roots of the b- function of E will be greater 
or equal to —t^/8(g) for all strata E and definition 1 1 . 5 . 41 will be satisfied. □ 



[10 

[ii 
[12: 

[13: 

[14: 

[15: 

[ie: 

[17: 
[i»: 

[19 
[20 
[21 



References 

M. F. Atiyah, Characters of semi-simple Lie groups, Prepub. Oxford (1976). 
J.-E. Bjork, Rings of differential operators, North-Holland, Amsterdam, 1979. 
J.-E. Bjork, Analytic T>-modules and applications, Kluwer Academic Publishers, Dor- 
drecht/Boston/London, 1993. 
Bourbaki, Groupes et algebres de Lie, Hermann. 

Harish-Chandra, Invariant distributions on semi-simple Lie groups, Bull. Amer. Mat. Soc. 
69 (1963), 117-123. 

Harish-Chandra, Invariant eigendistributions on a semi-simple Lie group, Trans. Amer. 
Math. Soc. 119 (1965), 457-508. 

R. Hotta and M. Kashiwara, The invariant holonomic system on a semisimple Lie algebra, 
Inv. Math. 75 (1984), 327-358. 

M. Kashiwara, On holonomic systems of differential equations II, Inv. Math. 49 (1978), 
121-135. 

M. Kashiwara, Systems of microdifferential equations, Progress in Mathematics, vol. 34, 
Birkhauscr, 1983. 

M. Kashiwara, Vanishing cycles and holonomic systems of differential equations, Lect. Notes 
in Math., vol. 1016, Springer, 1983, pp. 134-142. 

M. Kashiwara, The Riemann-Hilbert problem for holonomic systems, Publ. R.I. M.S. Kyoto 
Univ. 20 (1984), 319-365. 

M. Kashiwara and T. Kawa'i, Second microlocalization and asymptotic expansions, Complex 
Analysis, Microlocal Calculus and Relativistic Quantum Theory, Lect. Notes in Physics, vol. 
126, Springer, 1980, pp. 21-76. 

M. Kashiwara and T. Kawa'i, On the holonomic systems of microdifferential equations III. 
systems with regular singularities, Publ. RIMS, Kyoto Univ. 17 (1981), 813-979. 
B. Kostant, The principal three-dimensional subgroup and the Betti numbers of a complex 
simple Lie group, Am. Jour, of Math 81 (1959), 973-1032. 

B. Kostant and S. Rallis, Orbits and representations associated with symmetric spaces, Amer. 
J. Math 93 (1971), 753-809. 

Y. Laurent, Polygone de Newton et b-fonctions pour les modules microdifferentiels, Ann. Ec. 
Norm. Sup. 4e serie 20 (1987), 391-441. 

Y. Laurent, Vanishing cycles of D-modules, Inv. Math. 112 (1993), 491—539. 
Y. Laurent, Vanishing cycles of irregular T> -modules, Comp. Math. 116 (1999), 241-310. 
Y. Laurent, Regularity of T>-module associated to a symmetric pair, Autour de l'analysc 
microlocale, Asterisque, vol. 284, SMF, 2003. 

Y. Laurent and T. Monteiro Fernandes, Systemes differentiels fuchsiens le long d'une sous- 

variete, Publications of the RIMS, Kyoto University 24 (1988), 397-431. 

Y. Laurent and P. Schapira, Image inverse des modules differentiels, Comp. Math. 61 (1987), 

229-251. 



CHARACTERS OF SEMISIMPLE GROUPS 



33 



[22] T. Levasseur and J.T. Stafford, Invariant differential operators and a homomorphism of 
Harish- Chandra, Journal of the Americ. Math. Soc. 8 (1995), no. 2, 365—372. 

[23] T. Levasseur and J.T. Stafford, The kernel of an homomorphism of Harish- Chandra, Ann. 
Ec. Norm. Sup. 4e serie 29 (1996), 385-397. 

[24] T. Levasseur and J.T. Stafford, Invariant differential operators on the tangent space of some 
symmetric spaces, Ann. Inst. Fourier 49 (1999), no. 6, 1711-1741. 

[25] J. -P. Ramis, Theoremes d'indices Gevrey pour les equations differentielles ordinaires, Mem- 
oirs of the AMS 48 (1984), no. 296. 

[26] R. W. Richardson, Orbits, invariants and representations associated to involutions of reduc- 
tive groups, Inventiones mathematicae 66 (1982), 287—312. 

[27] M. Sato, T. Kawa'i, and M. Kashiwara, Hyperfunctions and pseudo-differential equations, 
Lcct. Notes in Math., vol. 287, Springer, 1980, pp. 265-529. 

[28] J. Sckiguchi, Invariant spherical hyperfunctions on the tangent space of a symmetric space, 
Advanced Studies in pure mathematics 6 (1985), 83-126. 

[29] V.S. Varadarajan, Lie groups, Lie algebras and their representations, Prentice-Hall, 1974. 

[30] V.S. Varadarajan, Harmonic analysis on real reductive groups, Lect. Notes in Math., vol. 
576, Springer, 1977. 

CIEM-FAMAF, Universidad Nacional de Cordoba, Ciudad Universitaria, 5000 Cordoba, 
ARGENTINA 

E-mail address: galinaSmate.uncor.edu 

Institut Fourier Mathematiques, UMR 5582 CNRS/UJF, BP 74, F-38402 St Martin 
d'Heres Cedex, FRANCE 

E-mail address: Yves.Laurent@ujf-grenoble.fr 

URL: http://www-f ourier .ujf-grenoble . f r/~laurenty 



